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MODERN OPERATIONAL CALCULUS FOR UNDERGRADUATES* 
J. R. BRITTON, University of Michigan** 


1. Introduction. For the past several years I have had the pleasure of teach- 
ing a course called Modern Operational Calculus at the University of Colorado, 
and, this year, Modern Operational Mathematics at the University of Michigan. 
‘It is an honor to have the privilege of describing this work to the members and 
friends of the Association. 

Most of my remarks will be restricted to the work as it is given at the Uni- 
versity of Colorado. There the course is set up as a two-quarter sequence, three 
hours credit per quarter. I have insisted on a short course in ordinary differential 
equations along with some background in physics and elementary mechanics as 
minimum prerequisites. My classes have usually run about twenty-five students, 
of whom most met only the minimum requirement in mathematics. 

I feel that not enough publicity has been given to the worthwhile body of 
material in operational calculus and related fields that can be presented to stu- 
dents at the level described. Naturally, some topics from advanced calculus will 
have to be taken as part of the work. However, these topics are fairly elementary 
and are, moreover, given a motivation that is lacking in the usual advanced 
calculus course. 


2. Introducing operational calculus. Perhaps one of the simplest ways of 
introducing the operational calculus based on the Laplace transformation is by 
means of the following initial value problem: 

Determine Y(t) if Y’’(é)+ Y(#)=1, Y(0)=0, and Y’(0) =2. 

Drawing upon our experience with elementary differential equations, we can 
employ the “classical” method of first writing down the complete solution: 


Y(t) = Acost+ Bsint +1. 


Next, it is easy to find that the values A = —1, B=2 will satisfy the initial con- 
ditions, so that the required determination is 


Y(t) = 1—cos#+2sint. 


It is worthwhile to write out in complete detail the work of finding this solu- 
tion so that a comparison with the operational method will be available. 

We now return to the original différential equation, multiply both members 
by e~*‘dt and integrate from zero to “infinity.”{ The variable s is a parameter 


* This paper is based upon an address given by the author at the thirty-second annual meeting 
of the Association, Columbus Ohio, December 31, 1948. 

** On leave, University of Colorado. 

t Professor R. V. Churchill has suggested that the plausibility of this procedure can be made 
evident by considering the problem of finding an integral operator that will “annihilate” the nth 
derivative. 
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independent of ¢. Thus, 


f + f = f 


A formal integration by parts applied to the first term on the left side, with 
the assumption that Y(t) and Y’(¢) both approach zero as ¢ increases in- 
definitely, gives 


(oa —2 + f = 


Thus, we find 
f 
0 s(s?+1) s?+1 
or 
0 s*+1 


Notice that the initial values Y(0) and Y’(0) have been used in integrating 
the first term. We now have an integral equation for the determination of the 
function Y(é). 


For the present purpose, we use the solution obtained by the classical method 
as a guide. We can identify each of the terms on the right-hand side as follows: 


= f o**-1 dt; 
0 


Ss 00 
= f cos dt: 
1 0 


2 
st+i 


=2 sin ¢ dt. 
0 
We therefore write 
f (t)dt -f e-**(1 — cos + 2 sin é)dt, 
0 0 
which suggests that 
Y(t) = 1 — cos#+ 2 sin#. 


The procedure which we have initiated in this example already introduces a 
number of important questions and the answers to these equations will see us 
well on the way into the methods of operational calculus. At the elementary level 
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from which we are starting, it is wise to begin with a discussion of “infinite” or 
improper integrals of the type 


f 


We say that the integral converges whenever 


T 
lim (t)dt 
0 
exists, and we take the limit as the value of the integral. It is then not difficult to 
prove 
THEOREM 1. Let F(t) be sectionally continuous in every finite positive interval 
and let F(t) be such that, as t>~, 


| F() | Me, 


where M is a positive constant and a is a constant. (We shall say that such func- 
tions are sectionally continuous and of exponential order.) Then 


f 


converges for s>a. 


The discussion of this theorem will necessitate a definition of sectional con- 
tinuity which is of itself a useful concept in applied mathematics. Incidentally 
it appears from the proof that, for the type of function described in the theorem, 
the integral has a value numerically not greater than M/(s—a) for s>a. Thus, 
as s—>, the value of the integral approaches zero. 


3. Introducing the Laplace transform. It is convenient next to introduce a 
more efficient notation and terminology. 

The transformation of F(¢#) by multiplying it by e~*‘dt and integrating from 
zero to infinity is called the Laplace transformation of F(t). The result of making 
this transformation is clearly a function of the new variable s. This function of 
$ is called the Laplace transform of F(t). We shall use the notation 


L{F()} = f(s). 
For example, we have seen previously that 
1 
1 


L{sin t} = 
so that if 


F(#) = sin #, f(s) = 
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We also speak of F(t) as the inverse Laplace transform of f(s) and write 
I-{f(s)} = F(). 


It is necessary at this level to take without proof the theorem that the inverse 
transform is essentially unique.* 


From the definition of the transformation, it is clear that we are dealing 
with a linear transformation, that is, 


L{AF(t) + BG(t)} = Af(s) + Bg(s), 


if A and B are constants. This result also holds, of course, for the inverse trans- 
formation. 


With no more than the concepts thus far presented, we can prove 


THEOREM 2. Let F(t) be continuous and of exponential order and let F'(t) be 
sectionally continuous. Then 


L{F()} = sf(s) — F(+0), 
where F(+0)=lim F(é). 
tot 


By repeated application of Theorem 2, we can derive the more general 
formula: 


L{F(t)} = s™f(s) — s*™1F(+0) — — — 


The students will usually be able to supply the simple sufficient conditions 
which correspond to those in Theorem 2. 


The preceding formula enables us to write at once the transform of a linear 
differential equation with constant coefficients, say 


= 
in the form 
q(s)y(s) — p(s) = f(s), 


where q(s) and p(s) are polynomials in s of degree m and »—1, respectively. 
Thus 


p(s) f(s) 
y(s) = . 
q(s) 
If F(t) is one of the functions #", n=0, 1, 2, - - - , e**, cosh kt, sinh ki, cos kt 


or sin kt, f(s) can be found easily by direct evaluation of the Laplace integral or 
by application of the preceding results for L{ F(t) a In these cases, f(s) is a 
rational fraction in s, with the numerator of lower degree than the denominator. 
For these simple instances, we have 


* Two functions F(t) and G(¢), which have the same transform, can differ only by a null func- 
tion, that is, a function N(¢) such that / . N(t)dt=0 for all positive T. 
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where m(s) and n(s) are polynomials with no common factors. (Such factors 
may be divided out if they occur.) It remains only to find L-{ y(s) }. 

The handling of inverse transforms will be essentially a matter of construct- 
ing and using a table of transforms in much the same way as a table of integrals 


‘is used. Although a brief table can be constructed by means of the methods previ- 


ously mentioned, the range of the table can be expanded greatly by a considera- 
tion of the question: What operation on the function F(¢) corresponds to a given 
operation on the transform f(s)? 

Some of the more easily accessible correspondences of this type are displayed 
in the following self-explanatory table: 


f(s) F(t) 
1. f(s — a) e“F(t) 
1 t 
2. (=) 
3. f(s) (—1) "F(t 
4. f(s)g(s) f F(2)G(t — 


Items 1 and 2 involve no more than a change of variable in the Laplace inte- 
gral. However, Item 3 will necessitate differentiation under the integral sign in 
an improper integral, and Item 4 will need a change of variable in a double inte- 
gral. Both the latter topics can be included in the discussion of functions defined 
by infinite integrals. 

The outline thus far presented covers enough material to make a good start 
on the type of initial-value problems encountered in electrical and mechanical 
vibration analysis. Many other topics suggest themselves in the course of the 
work, for example, solution of polynomial equations of degree higher than the 
second (Graeffe’s method), stability problems, linear differential equations with 
polynomial coefficients, step functions, formal solution of boundary-value prob- 
lems involving linear partial differential equations, and so on. 


4. Conclusion. The application of the Laplace transformation to initial- 
value problems involving linear ordinary differential equations with constant 
coefficients serves as ample illustration of the convenience and desirability of 
the operational method. Boundary-value problems involving linear partial dif- 
ferential equations will illustrate the essential need for this method. 

The references I have found most useful for a course of this kind are listed at 


y(s) = 
| 
| 
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the end of this paper. The list is not intended to be exhaustive; a fairly extensive 
bibliography will be found in the third book. 
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ON THE CONVERSE OF FERMAT’S THEOREM II 
D, H. LEHMER, University of California 


1. Introduction. The feasibility of many investigations in the theory of 
numbers depends on the ability of the research worker to identify numbers as 
primes in a rapid and positive manner. In fact, this is the main reason for pub- 
lishing lists of primes and factor tables [1]. For numbers beyond the limits of 
such tables one must depend on some positive test for primality. The ideal test 
is a positive characteristic of primes which is easily applicable. Unfortunately 
such criteria exist only for numbers of special form [2]. For the general number 
one may ask for a little less. One may ask for a criterion which is almost char- 
acteristic of primes and then tabulate those relatively few composite numbers 
which also satisfy this condition. According to the famous theorem of Fermat, 
2"—2 is divisible by n if m is a prime. In a matter of minutes one may decide 
whether or not a given number divides 2"—2. Unfortunately, there are also 
composite numbers m which divide 2"—2. To make this a true test for primality 
one may list all these exceptional composite numbers or at least all interesting 
ones in a given range. An uninteresting composite number would be one which 
contains a small factor less than the limit to which one would prudently search 
before testing the divisibility of 2*—2. 

More than a decade ago the writer published [3] a list of all such composite 
numbers between 10’ and 10® whose least factor exceeds 313. Soon afterwards 
P. Poulet [4] published a list of all composite numbers n<10* dividing 2*—2. 
With either of these lists the arithmetician may determine whether an 8-digit 
number is prime or not in only a few minutes of computing time. This method 
has been so useful that the writer has often had occasion to consider the possi- 
bility of extending its range. One of the practical difficulties in the way of such 
an extension has been the inadequacy of existing tables of the so-called ex- 
ponent of 2 modulo # on which such an extension would have to be based. The 
largest table of exponents published by M. Kraitchik and extending to 
p <300000 is inadequate not only in extent but also in accuracy. Thus it was 
apparent that some 10 or 15 years of recomputing and extending this table would 
have to precede any substantial extension. 

This difficulty, however, has been overcome by the development of elec- 


| 


1949] ON THE CONVERSE OF FERMAT’S THEOREM II 301 


tronic computing. The writer happened to be connected with the early opera- 
tion of the Army Ordnance’s ENIAC [6], the first (and thus far only) all-elec- 
tronic digital computer. During a holiday weekend, as a sort of test problem, 
the writer used the ENIAC to compute the requisite exponents of 2 modulo p. 
Some account of this remarkable computation is given in §2. A later comparison 
of these results with the table of Kraitchik revealed the latter to be seriously 
unreliable. A careful check of each discrepancy showed that the ENIAC was 


‘always right. A list of these errors has since been published [7]. One of the by- 


products of this weekend’s work was the discovery of a new list of 85 factors of 
2*+1 for k<500. These have been given elsewhere [8] without indication of the 
methods used. The list of exponents furnished by the ENIAC is sufficient for 
the extension of the table of composite numbers m dividing 2"—2 to 10° and be- 
yond. 

However the list presented herewith extends only from 10* to 2-108. The labor 
of producing these composite numbers, given the table of exponents of 2, is still 
considerable. This is especially true in the case of such composite numbers 
which are products of three primes. The list previously given contains no such 
entry. The present list contains only seven products of three primes, namely 


113589601 = 331-571-601 
122941981 = 337-491-743 
139487041 = 331-617-683 
150966901 = 337-373-1201 
162771337 = 337-547-883 
172028053 = 337-457-1117 
173405233 = 397-577-757 


In §4 we prove that there is an unlimited number of numbers dividing 2*—2 
which are products of three primes. 

The writer takes this opportunity to thank Dr. J. W. Mauchly for several 
helpful suggestions in setting up the ENIAC and for his share of “visiting” the 
ENIAC during its non-stop run. All the subsequent computing was done by 
Emma Lehmer. 


2. Description of the ENIAC setup. The method used by the ENIAC to 
find the exponent of 2 modulo # differs greatly from the one used by human 
computers. It will be recalled that the exponent e of 2 modulo the prime p is 
the least value of m such that 2"=1 (mod 9), and that e is some divisor of p—1 
=ef. The method used heretofore has been to examine as possible values of e 
the various divisors of p—1. Some of these may be eliminated wholesale by the 
theory of quadratic and higher residues but there may remain quite a number 
of divisors of —1 which must be tried as possible values of e. In the majority 
of cases, however, the value of ¢ is too large to be of use to our problem. In fact 


HZ 
= 
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it is sufficient to know that e>2000 in order to reject p. (For 300 000<p 
<1 000 000 this limit was reduced to 1000 and for 10°<p<4.5-10° it was set at 
300). 

In the ENIAC method we try as possible values of e not the half dozen or 
so suitable divisors of p—1, but simply the natural numbers 1, 2, 3, - - - , 2000. 
At first sight this would seem to be a very crude way of looking for e. But some 
further considerations, in which one takes into account the incredible rapidity 
of the ENIAC, show that, even in the worst case, all possible values of e can be 
tried in less than 2.4 seconds, less time than it takes to copy down the value of 
p. The more sophisticated method using divisors of p—1 would require too 
much outside information via punched cards, information which would have to 
be prepared by hand in advance. 

A little more detail on the actual set up may be of interest. In computing the 
exponent e a sequence of positive integers r; is built up by means of the recur- 
sive definition 
if < Pp, 


7, = 2, = 


Clearly r; is nothing but the remainder on division of 2* by p. Only in the second 
case, 2 rx>>p is there a chance that r.4:=1. Each time, then, that ri4; is found 
by the formula 27;,—p, the ENIAC is programmed to ask itself: Is 7441-2 nega- 
tive? If the reply is yes, then 744:=1, and e=k-+1. If, on the other hand, the 
reply is no, then the ENIAC asks: Is k+1=2001? If not, then riy2 is next 
computed. If k+-1=2001, the ENIAC is instructed to give up the search for e 
and try the next value of p. 

The “next value of p” presents an interesting problem to the ENIAC. One 
of the requirements of the problem, dictated by the circumstances under which 
the problem was run, was that the ENIAC works for hours without attention. 
This alone prevented the introduction into the ENIAC of a list of primes p via 
punched cards. There were at least three other good reasons for not doing 
this. This meant that the ENIAC should somehow compute its own values of 
p. To this effect a “sieve” was set up which screened out all numbers having a 
prime factor £47. Thus about 86 percent of the integers were eliminated. For 
the range 100000 <p<300000, for example, only 27741 values of » were used; 
of these, 16405 are actually primes and 11336 (or 41 percent) are composite. 
However, a large percentage of these cases have small exponents of 2. To pre- 
vent the punching of a card in almost all these cases, the number and its 
exponent e were required to pass a further test; namely, »—1 must be divisible 
be e. This further requirement is so strict that, for example, only 25 of the 11336 
composite numbers mentioned above succeeded in meeting it. The output of the 
ENIAC was then a set of cards each punched with a value of (having an ex- 
ponent eS 2000) and the corresponding values of e and f. These were “tabulated” 
and the composite p’s eliminated by comparison with Lehmer’s list of primes. 

A block diagram of the ENIAC set up is shown on page 303. 


1949] ON THE CONVERSE OF FERMAT’S THEOREM II 303 


Initiation and 
Preliminary setup 


& Increase p by 2 


4 


Sieve 
Is p divisible by 
a prime <£ 47? 


Yes | NO 


Routine 


Is e > 2,000? 
Yes | NO 


A 


Does e divide ? 


A 


Erase exponent PRINT 
Calculation A p, e and f 


A 


— 

— 
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3. Description of the table. The subjoined table* gives all composite num- 
bers n between 108 and 2-108 which divide 2"—2 and whose least prime factor 
exceeds 313. With each 1 is given its least prime factor p. (In case m is a product 
of three primes the two smaller factors of m are given.) To examine » for pri- 
mality one first looks tosee if ” is in the table. If so, its least factor is given. If 
not, one examines for factors not exceeding 313. If this search in unsuccessful, 
n is prime or composite according as m divides 2"—2 or not. The practical 
method of performing these operations is explained and illustrated in [3]. There 
also the reader will find a discussion of the methods of construction of these 
tables. These depend on the number of prime factors of m. It is for the case of 
n= pq that we need extensive lists of the large primes having comparatively 
small exponents of 2. As might be expected, errors in Kraitchik’s table of ex- 
ponents [5] introduced corresponding errors in the original lists [3] and [4]. 
Some of the other errors listed below were communicated by Poulet. The list in 
[3] has since been recomputed so that the following errata should be complete. 


Insert 44070841 2113 
Delete 68462551 5851 
Insert 70541099 4643 
Insert 71079661 3187 
Insert 74705401 3529 
Insert 74874869 3533 
Delete 76839733 1019 
Insert 92438581 3331 
Insert 96135601 881 


The present list has been compared with a manuscript of Poulet for products 
of two primes below 1.5-108. There were very few discrepancies. The second half 
of the present list has been computed twice. 


4. Products of three primes. In [3] we showed that infinitely many numbers 
n dividing 2"—2 are products of two primes. In this section we show that this is 
true also of products of three primes. First, it is convenient to establish three 
lemmas. 


LemMaA 1. Let ¢(N) denote the number of numbers SN and prime to N. Then 
o(N)>8 log N for all sufficiently large N. 


The function ¢(N) is, of course, of order greater than log N. In fact ([9]) 
there exists a constant A such that $(N) log log N>An. Hence ¢(N)/log N 
tends to infinity with N and therefore exceeds 8 for all sufficiently large N. 


LEMMA 2. Let N be an integer divisible by a prime of the form 4x +1. The number 
of numbers <N/4 and prime to N is o(N)/4. 


This lemma is a special case of a theorem of van der Corput and Kluyver 


* This list contains 329 entries; the previous list has 526. 
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[10]. Their conclusions for a general m are not quite correct. For our purposes, 
however, Lemma 2 is sufficient. It may be proved easily as follows. Let ¥(m) 
denote the least positive residue of m modulo 4 so that 


v(m) = m — 4[m/4]. 


Let ¢’(N) denote the number of numbers <N/4 and prime to N. Then by a 
theorem of Legendre [11] 


o(N) = 


and 


$'(N) = [N/(48) ]u(6) 


where yu is the Mébius’ function and 6 ranges over the divisors of NV. Hence the 
function 


F(N) = (N/5)u(5) = — 4¢’(N). 


To prove the lemma it is sufficient to show that in case N is divisible by a prime 
w=4x+1, then F(N)=0. The divisors of N are of three types: (a) Those di- 
visible by w?, (b) those divisible by only the first power of w, and (c) those not 
divisible by w. The divisors in (b) and (c) are in one to one correspondence, the 
divisors d of type (c) corresponding to wd of type (b). Since w is of the form 
4x+1, 


¥(N/d) = ¥(N/(wd)), 
the arguments being congruent modulo 4. However 
u(wd) = w(w)u(d) = — p(d). 


Hence corresponding divisors of types (b) and (c) together contribute nothing to 
F(N). Neither do divisors of type (a) since for them y(5)=0. Hence F(N) =0. 


3. Let 
Qn(x) = x#+---+1 = ¢(N)) 


denote the polynomial whose roots are the primitive Nth roots of unity. If N is an 
odd multiple of a prime w=4x-+1 and sufficiently large, then 


Qn(—2) > N(2N + 1). 
Proof. Let v range over the numbers S/N and prime to N so that 


Qn(x) = — exp (2riv/N)). 


Since vy and N—» are distinct and both prime to N, we have 


= 
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Qn(—2) = JT] (5 +4 cos (2av/N)) > JT] 5 = 544, 


N/2 
by Lemma 2. By Lemma 1, if N is sufficiently large, 
Qn(—2) > 5264 = > N(2N + 1). 

We are now in a position to prove the following: 

THEOREM. The congruence 
(1) 2" = 2(mod n) 
has an infinity of solutions n that are products of three primes. 

Proof. Let p=40m+11=2N-+1 be a prime for which 

N = (p — 1)/2 = 5(4m + 1), 


and which is sufficiently large for Lemma 3 to hold, with w=5. Let qg be any 
primitive prime factor of 2” —1. This is a divisor which divides no number of 
the form 2*—1 for 0<s<WN. That such a g exists for every N>6 follows from a 
theorem of Bang [12]. Clearly the exponent of 2 modulo g is N. Since this odd 
exponent divides g—1, we have g=2jN+1. Now g divides 


2N — 1 = 2.(2l0m+2)2 4, 


Hence 2 is a quadratic residue of g and therefore g=+1 (mod 8). But 
p=3 (mod 8). Hence pq. We now separate two cases. 

Case I. 22% —1 hasa primitive prime factor different from p. Let this factor be 
r. Then the exponent of 2 modulo r is 2N so that g¥r and r=2kN+1. Now take 
pqr =n. We may show that (1) holds for as follows. The exponent of 2 modulo 
p being some divisor of 2, and since p, g and r are relatively prime in pairs it 
follows that the exponent of 2 modulo 7 is precisely 2N. But 


n—1= por —1 = (2N + 1)(2jN + 1)(2kN + 1) — 1 = 0 (mod 


Hence n—1 is divisible by the exponent of 2 modulo n. Therefore (1) holds in 
Case I. 

Case II. 2?% —1 has no primitive factor different from p. It is known ([13]) 
that Qy(—2) contains only the primitive factors of 2?” —i together with a pos- 
sible extrinsic factor E dividing N. In Case II therefore 


(2) Qu(—2) = Eps (« 2 0). 


We show that if p is sufficiently large, a= 2. In fact, if we suppose the contrary 
we would have 


Qn(—2) S Ep S N(2N + 1), 


a result which would then be in contradiction with Lemma 3. Hence we must 
have a2 2. Since Qy(—2) divides 2? —1, it follows from (2) that 


306 [May, | 


1949] 


ON THE CONVERSE OF FERMAT’S THEOREM II 


= 1 (mod 


307 


That is, the exponent of 2 modulo p? is some divisor of 2N. Now take n= pq. 
Then the exponent of 2 modulo n will be either V or 2N. But 


n—1= p99 —1= (2N + 1)*(2jN + 1) — 1 = 0 (mod 20). 


Hence (1) holds for n = p?q in Case II. This completes the proof of the theorem. 


TABLE OF COMPOSITE SOLUTIONS m OF FERMAT’S CONGRUENCE 2"=2 (MOD n) 


n 


100463443 
618933 
860997 
907047 
943201 

101152133 
158093 
218921 
270251 
276579 
954077 

102004421 
443749 
678031 
690677 
690901 

103022551 
301633 

104078857 
233141 
524421 

105007549 
305443 
919633 
941851 

106485121 
622353 
743073 

107360641 
543333 

108596953 
870961 

109052113 
231229 
316593 
437751 
541461 
879837 

110135821 
139499 


AND THEIR SMALLEST PRIME FACTOR p 


312773 
413333 
495083 
717861 
111202297 
370141 
654401 
112032001 
402981 
828801 
844131 
113359321 
589601 
605201 
730481 
892589 
114305441 
329881 
469073 
701341 
842677 
115085701 
174681 
804501 
873801 
116090081 
151661 
321617 
617289 
696161 
998669 
117246949 
445987 
959221 
987841 
118466401 
119118121 
204809 
261113 
378351 


3541 
6067 
1987 
1013 
5273 
883 
6101 
4001 
3061 
6133 
3067 
761 
331-571 
7537 
433 
919 
6173 
7561 
3089 
1229 
2459 
1801 
773 
5381 
1051 
6221 
7621 
5393 
2357 
2161 
1459 
1597 
5419 
2053 
7681 
1249 
2729 
2383 
4657 
911 


558011 
940853 
120296677 
517021 
838609 
121062001 
128361 
374241 
121472359 
122166307 
396737 
941981 
123330371 
481777 
559837 
671671 
886003 
987793 
124071977 
145473 
793521 
818601 
125284141 
686241 
848577 
126132553 
886447 
127050067 
710563 
128027831 
079409 
124151 
468957 
536561 
665319 
987429 
129205781 
256273 
461617 
524669 


} 

} 

| 

} 

7577 6449 
4729 503 
9649 229 
5023 2341 
5801 433 
5807 1201 
3673 6961 
8713 6361 
9001 4409 
6163 739 
1597 2857 
2381 337-491 
4049 691 
3583 3881 
2069 4177 
5851 9631 
6121 1187 
7873 709 
6679 2089 
2441 397 
5903 4561 
1033 2281 
2833 4231 
4603 6473 
1051 2897 
7297 5023 

433 6793 

1699 5347 
2161 9787 
4889 11161 
7369 5437 
2609 2311 
4993 2927 
2699 8017 
3697 2383 
4637 
6043 6563 
2707 739 
3967 10177 
6427 2939 
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130513429 
556329 
693393 
766239 
944133 

131023201 
567929 
821747 

132332201 
338881 
440521 
575071 

133216381 
427449 
467517 
496221 

134384069 
696801 
767153 
868029 

135263269 
296053 
308881 
437129 
969401 

136043641 
545067 
661201 

137415821 
763037 

138012733 
030721 
336661 
403981 
736153 
828821 

139295701 
319293 
363927 
487041 
710421 

141574219 

142525333 
922413 

143071601 
106133 
168581 

145206361 
334821 
348529 

146156617 


ON THE CONVERSE OF FERMAT’S THEOREM II 


P 


709 
2857 


n 


272901 
884393 
147028001 
287141 
148109473 
171769 
392781 
910653 
149069989 
389633 
150260893 
379693 
960239 
966901 
988753 
151533377 
589881 
152255611 
716537 
153384661 
393667 
754873 
928133 
154195801 
287451 
513633 
910869 
944533 
155203361 
840777 
156114061 
532799 
157069189 
368661 
405249 
725829 
158068153 
192317 
397247 
496911 
895281 
159874021 
160348189 
378861 
491329 
587841 
672201 
730389 
161184013 
216021 
289649 


n 


304001 
369101 
423377 
498681 
162026869 
067441 
690481 
771337 
776041 
163021423 
759753 
164111281 
165061909 
224321 
538447 
938653 
166082309 
339057 
406561 
444181 
166827943 
167579497 
692141 
881121 
168566501 
169655641 
930549 
170782921 
856533 
171149749 
567481 
747577 
823693 
172028053 
116181 
272187 
436713 
173401621 
405233 
174479729 
638419 
175484291 
656601 
747457 
176030977 
571089 
597821 
609441 
977921 
177167233 
254533 


[May, 
n | Pp Pp 
6983 7333 
3833 601 
5113 7001 6353 
1279 2861 9281 
6607 5443 5197 
881 4657 853 
6221 3517 1861 
659 8629 337-547 
2003 5821 5209 
3469 7087 479 | 
2713 7753 9049 
2879 907 1777 
541 4759 1123 
10169 337 -373 3181 
9433 8689 3391 
661 8059 9109 
4733 1249 10333 
6701 4363 6449 
8209 5527 3041 
2999 2341 11173 
6217 3917 4567 
2239 2039 6473 
4397 5849 9157 
1433 7393 7481 
9521 6211 10601 
997 7177 3613 
5843 997 2557 
401 7187 9241 
6421 7193 7547 
5869 10193 2069 
6553 3061 2089 
4441 5711 6553 
8317 1117 6529 
4447 7243 337-457 
8329 3137 9277 
6803 7489 6563 
3559 5623 4153 
3733 2713 7603 
5903 11257 397-577 
. 331-617 10903 5393 
8761 11117 2203 
3259 8941 4721 
1459 8009 1297 
4519 4787 641 
1777 1889 4423 
6907 1933 3617 
8461 3121 9397 
8521 3823 7673 
5581 4799 7681 
1579 7331 5953 | 
5407 1873 7687 
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n n a 
349147 6659 653333 7867 913297 2213 
927641 881 186183469 1181 191191933 4373 
951973 12577 654241 8641 233813 5897 

179083601 8761 739057 6833 648161 7993 
285137 1283 846301 11161 981609 5657 
820257 8779 983521 3793 192346153 3847 

180497633 7757 187050529 2017 857761 6211 

703451 1163 155383 8831 193330237 11353 

801253 1013 667969 10211 949641 3863 

181285537 1217 761241 2741 194556451 4027 
542601 1801 188382487 6863 195412621 4421 
647497 4493 821951 6871 475351 6991 
182383111 911 985961 9721 196035001 7001 
183554407 10711 189714193 1399 049701 9901 
677341 4649 738361 1531 197466361 4057 
788161 641 190212181 7963 198712079 9967 
184411567 2593 382161 1861 982759 3527 
185206757 5821 824817 8737 199674721 4261 
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BIOGRAPHIES AND COLLECTED WORKS OF 
MATHEMATICIANS—ADDENDA 


T. J. HIGGINS, University of Wisconsin 


In the decade 1935-1945 the author endeavored—as a satisfying and profit- 
able avocation—to seek out, to read and to record all book-length biographies 
(individual and collected) in English of physicists and astronomers, mathe- 
maticians, chemists, and engineers, metallurgists and industrialists. Subse- 
quently, the titles of pertinent items—obtained by search of (i) the stacks and 
card catalogs of the important public, university and technical libraries located 
in the East and Middle West; (ii) the accumulated catalogs of the principal 
American and British publishers of technical and scientific books; (iii) the lists 
of offerings, over a decade, of the larger American and British dealers in used 
and rare technical and scientific works; (iv) much relevant miscellaneous bibliog- 
graphical reference works: book review journals, printed catalogs of American 
and British private, public and national libraries, and kindred aids—were pub- 
lished in a series of four bibliographies [1-4]. 

Subsequently, reprints of each of these bibliographies were sent to certain 
major libraries (in both America and Great Britain) which the author had not 
been able to visit in person, together with a request for the titles of additional 
items, if any, contained in the library. A limited number of titles of rather ob- 
scure items stemmed from these requests. Several others were contributed by 
interested American and British readers of the published biographies. These 
titles, together with those of recently published items, comprise a series of four 
short addenda to appear—it is hoped—in those periodicals containing the cor- 
responding bibliographies. 

In consideration of the manner of compilation it is believed that practically 
all significant English-written book-length biographies of mathematicians are 
encompassed in the original bibliography [2] or in the following addendum. 
In consequence of this definitive character, these listings are of obvious worth to 
all who are professionally interested in the history of pure and applied mathe- 
matics or, more broadly, in the history of science in general. In particular, they 
can be utilized very usefully in preparing the biographical content of a course of 
study utilizing the historical approach in the manner delineated by Dr. James 
B. Conant in his recent well received and widely discussed book. [5] 
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INDIVIDUAL BIOGRAPHIES 


Memoir of Nathaniel Bowditch Prepared for the Young. Boston, James Monroe 
and Company, 1841. 158 pp. 

Victoria Through the Looking-glass; The Life of Lewis Carroll. By F. B. Lennon, 
New York, Simon and Schuster, 1945. 347 pp. 

S. E. de Morgan, Three Score Years and Two: Reminiscences of the Late Sophia 
Elizabeth de Morgan to Which are Added Letters to and from Her Husband, the 
Late Augustus Morgan. By S. E. de Morgan. London, Bentley, 1895. 259 pp. 

Whom the Gods Love—The Story of Evariste Galois. By L. Infeld. New York, 
Whittlesey House, McGraw-Hill Book Company, 1948. 323 pp. 

A Collection of Papers in Memory of Sir William Rowan Hamilton. New York, 
Scripta Mathematica, Yeshiva College, 1945. 82 pp. 

Nicolai Ivanovich Lobachevsky, Address Pronounced at the Commemorative Meet- 
ing of the Imperial University of Kasan, October 22, 1893 by Professor A. 
Vasilev, President of the Physics-Mathematical Society of Kasan. Translated 
by G. B. Halsted, B. C. Jones and Co., Austin, 1894, 40 pp. 

An Essay on Newton's Principia. By W. W. R. Ball. London, The Macmillan 
Company, 1893. 175 pp. Primarily biographical detail covering the time dur- 
ing which Newton worked on the Principia. 

Sir Isaac Newton. By J. B. Biot. Translated by H. C. Elphinstone, London, 
Society for the Diffusion of Useful Knowledge, 1829. 38 pp. 

Newton at the Mint. By J. Craig. Cambridge, University Press; New York, The 
Macmillan Company, 1946. 128 pp. 

Recollections of Newton House. By I. Hartill. London, J. Clarke, 1914. 62 pp. 

The Religious Opinions of Milton, Locke and Newton. By H. McLachlan. Man- 
chester, University Press, 1941. 221 pp. 

Historical Essay on the First Publication of Sir Isaac Newton's Principia. By S. 
P. Rigaud, Oxford, Oxford University Press, 1838. 108 pp. Somewhat mis- 
titled; contains much interesting material on Newton’s character and dis- 
position. 

The Royal Society Newton Tercentenary Celebrations. Cambridge, University 
Press, 1947. 92 pp. 

The Mathematical Discoveries of Newton. By H. W. Turnbull. London, Glasgow 
and Bombay, Blackie and Sons, Ltd., 1945. 68 pp. 

A Biographical Sketch of Sir Isaac Newton ...to Which are Added Authorized 
Reports of the Oration of Lord Brougham (wiih his Lordship’s Notes) at the 
Inauguration of the Statue at Grantham ; and of Several of the Speeches Delivered 
on that Occasion by W. Whewell, Sir B. C. Brodie, Rev. J. W. Turner, and T. 
Winter. By E. F. King. London, Simpkin, Marshall, Hamilton and Kent, 
1858. 68 pp. 

No Royal Road; Luca Pacioli and His Times. By E. M. Taylor. Chapel Hih, 
University of North Carolina Press, 1942. 445 pp. 

The Clue to Pascal. By E. Cailliet. Philadelphia, Westminster Press, 1943. 187 
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Pascal: Genius in the Light of Scripture. By E. Cailliet. Philadelphia, Westmin- 
ster Press, 1945. 383 pp. 

Portrait of Pascal. By M. Duclaux. London, T. Fisher Unwin, 1927. 232 pp. 

Blaise Pascal. By H. F. Stewart. Oxford, University Press, 1942. 20 pp. 

The Holiness of Pascal. By H. F. Stewart. Cambridge, University Press, 1915. 
145 pp. 

The Secret of Pascal. By H. F. Stewart. Cambridge, University Press, 1941. 108 
pp. 

Biographical Sketches and Recollections of Henry John Stephen Smith. Oxford, 
University Press, 1894. 99 pp. Printed for private distribution. Contains 
the memoirs of C. H. Pearson, B. Jowett, Lord Eown, J. L. Strachan- 
David, and A. Robinson, comprising the introduction to his collected papers. 


COLLECTED BIOGRAPHIES 


Heroes of Science—A stronomers. By E. J. C. Morton. London, Society for Pro- 
moting Christian Knowledge; New York, E. and J. B. Young Company, 
1882. 341 pp. Newton, Lagrange, Laplace among others. 

Mathematical Table Makers: Portraits, Paintings, Busts, Monuments, Bio- 
Bibliographical Notes, By R. C. Archibald. New York, Scripta Mathematica, 
1948. 82 pp. 


COLLECTED WORKS 
Mathematical Physics 
The Early Work of Willard Gibbs in Applied Mechanics. By L. P. Wheeler, 


E. O. Waters, and S. W. Dudley. New York, Henry Schuman, Inc., 1947. 78 
pp. 


A SPECIAL TETRAHEDRON* 
N. A. COURT, University of Oklahoma 


1. Definitions. (a). Let (T) = DABC be a tetrahedron, (O) its circumsphere, 
and D> the diametric opposite on (O) of one vertex, say, D of (T). 

If Do lies in the face ABC opposite the vertex D, we shall say that the 
tetrahedron is “special” and designate it by (a). The vertex D and the face ABC 
will be referred to as the “special vertex” and the “special face” of (¢). 

(b). Let D, be the foot of the altitude DD, of (a), and Og the center of the 
circumcircle (O4) of the triangle ABC. 

The points D, Dy are symmetrical with respect to the center O of the circum- 
sphere (O), hence their projections D;, Do upon the plane ABC are symmetrical 
with respect to Og; that is, in a special tetrahedron (c) the foot of the altitude issued 
from the special vertex lies on the circumsphere of (a). 


* Read before the Mathematical Association of America, Oklahoma Section, Feb. 10, 1939, 
Tulsa, Okla. 
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(c). Conversely, if in a tetrahedron DABC the foot of the altitude DD, lies on 
the circumsphere, then the tetrahedron ts a special tetrahedron (c). 

Indeed, D, lies, by assumption, on the circumcircle (Oa) of the triangle ABC. 
Now the diametric opposite Do of D, on the circle (Oz) is also the diametric op- 
posite of D on the sphere (0). 

(d). In the triangle DD,Dy) we have DD, is twice OOg. Thus: In a special 
tetrahedron (a) the length of the altitude issued from the special vertex is equal to 


‘ twice the distance of the circumcenter from the special face of (a). 


(e). Conversely, If in a tetrahedron an altitude is equal to twice the distance of 
the circumcenter from the corresponding face, the tetrahedron is a special tetra- 
hedron (c). 

Indeed, if DD; is twice OOa, then O is the mid-point of DDo. Now D lies on 
the circumsphere (O) of the tetrahedron, hence Dp is the diametric opposite of 
D on (0); and since Dp lies in the plane ABC, by assumption, the proposition 
follows. 


2. A Simson line. (a). If DD, is the altitude of a tetrahedron (T)= DABC 
issued from D, and DX is the altitude of the triangle DBC issued from D, the 
line D,X is perpendicular to BC; that is, the point X coincides with the projec- 
tion of the point D, upon BC. A similar condition exists for the analogous 
points Y, Z on the edges CA, AB, respectively. Now if (T) is a special tetra- 
hedron (a), D its special vertex, the point D, lies on the circumcircle (O4) of the 
triangle ABC [art. 1(b)]; hence the points X, Y, Z lie on the Simson line of D, 
for the triangle ABC. Thus: In a special tetrahedron (ca) the feet of the perpendicu- 
lars from the special vertex upon the three edges of the special face are collinear. 

(b). Conversely, if in a tetrahedron the projections of a vertex upon the three 
edges of the opposite face are collinear, the tetrahedron is a special tetrahedron (c). 

Indeed, the feet X, Y, Z of the altitudes DX, DY, DZ of the faces DBC, 
DCA, DAB of a tetrahedron DABC are the projections upon BC, CA, AB of 
the foot D, of the altitude DD, of the tetrahedron. Now if X, Y, Z are collinear, 
the point D, lies on the circumcircle of the triangle ABC, by the converse of 
Simson’s theorem; hence we have the proposition [art. 1(c) ]. 


3. The Monge point. t (a). Let O, G be the circumcenter and the centroid of 
a tetrahedron DABC, Og the circumcenter of the triangle A BC, and G’ the pro- 
jection of Gupon ABC. If K is the trace in ABC of the Euler line OG of the tetra- 
hedron, we have 


(1) OK:GK = 00,:GG’. 


If Gais the centroid of the triangle ABC, and DD, is the altitude of the tetra- 
hedron issued from D, we have: 
(2) DD,,:GG' = DGa:GGq_ = 4:1. 


t The Monge point of a tetrahedron (T) is the symmetric M of the circumcenter O with re- 
spect to the centroid G of (T). 
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Now if we assume that DABC is a special tetrahedron (c), we also have [art. 
1(d)]: 
(3) DD; = twice O04. 

From (1), (2), (3) we obtain 
(4) OK:GK = 2:1. 


That is, the point K coincides with the Monge point of (¢). Thus: In a special 
tetrahedron (a) the Monge point lies in the special face of (c). 

(b). Conversely, if the Monge point of a tetrahedron lies in a face, the tetra- 
hedron ts a special tetrahedron (c). 

Indeed, if the trace K of OG in ABC is the Monge point of the tetrahedron, 
the relation (4) holds, and from (4), (1), (2) we obtain (3); hence we have the 
proposition [art. 1(e) }. 

(c). Since in a special tetrahedron (a) the Monge point M lies in the special 
face ABC, it coincides therefore with the mid-point of the segment determined 
by the orthocenter H, of the triangle ABC and the foot of the altitude DD,.** 
Moreover, the mid-point M of the segment joining the point D, of the circum- 
circle of the triangle ABC [art. 1(b)] to the orthocenter Hz lies on the nine- 
point circle of ABC and on the Simson line of D, for ABC.} Thus: In a special 
tetrahedron (c) the Monge point: i. Bisects the segments joining the orthocenter of 
the special face to the foot of the altitude upon that face; ii. lies on the nine-point 
circle of the special face; iii. ies on the Simson line, for the triangle of the special 
face, of the foot of the altitude upon that face; iv. is collinear with the projections of 
the special vertex upon the edges of the opposite face [Art. 2(a)]. 

(d). The line joining the Monge point of a special tetrahedron (c) to the 
diametric opposite of the special vertex on the circumsphere of (¢) passes 
through the centroid of the special face and is trisected by that point. 

(e). In a special tetrahedron (c) the foot of the altitude upon the special face 
is a center of similitude of the nine-point circle of that face and the circle along 
which that face cuts the twelve-point sphere of (¢). 

The proofs of the last two propositions [3(d) and 3(e) ] are left to the reader. 


4. A doubly special tetrahedron. (a). A tetrahedron in which the feet of two 
altitudes, say, DD,, AA, lie on the circumcircles of the respectively opposite 
faces will be denoted by (ac). 

(b). In a tetrahedron (cc)=DABC, the Monge point M lies on the edge BC 
[art. 3(a) ]. 

(c). Conversely, if in a tetrahedron the Monge point lies on an edge the tetra- 
hedron is (oa) [art. 3(b) ]. 


5. A pair of rectangular opposite edges of a tetrahedron. (a). If the Monge 


** Nathan Altshiller-Court, Modern pure solid geometry, p. 70, art. 233, New York, 1935. This 
book will be referred to as MPSG. 
¢ Nathan Altshiller-Court, College geometry, pp. 116-117. 
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point M of a doubly special tetrahedron (o7) = DABC lies on the edge BC, the 
lines DM, AM are each perpendicular to the edge BC [art. 2]. Thus the edge 
BC is perpendicular to the plane ADM. Hence: If the Monge point M of a tetra- 
hedron lies on an edge, i. that edge is perpendicular to the opposite edge: ii. M lies 
on the common perpendicular to those two edges. 

(b). In a tetrahedron (ac) the segment joining the feet of the two special alti- 
tudes is equal and parallel to the segment joining the orthocenters of the two special 
‘faces. 

Indeed, the feet Ax, D, of the altitudes 4 Ax, DD, lie on the lines DM, AM, 
and the Monge point M bisects the two segments D,Ha, AnHa [art. 3(c) J. 


6. The trirectangular tetrahedron. (a). If the Monge point of a tetrahedron 
(T)=DABC coincides with a vertex, say, D of (T), the edges DA, DB, DC are 
respectively orthogonal to the opposite edges BC, CA, AB of (T) [art. 5(a)], 
and (7) is a trirectangular tetrahedron with D as the vertex of the right angle 
[art. 5(a) J. 

(b). Conversely, in a trirectangular tetrahedron the vertex of the right angle 
is the Monge point of the tetrahedron (MPSG., p. 93, Art. 288). 


FUNCTIONS OF SEVERAL COMPLEX VARIABLES AND 
MULTIHARMONIC FUNCTIONS 


JOHN De CICCO, Illinois Institute of Technology 


1. Polygenic functions of complex variables. This paper presents a brief 
introduction to the theory of polygenic functions of several complex variables. 
The mean and phase derivatives (4) are shown to be important in connection 
with the study of the Kasner clocks. We discuss how analytic polygenic func- 
tions can be extended to spaces of double the original number of dimensions. 
Applications are made to the theory of monogenic functions. It is proved that 
if a multiharmonic function (the real or imaginary part of a monogenic func- 
tion) is rational, algebraic, or entire, then the associated monogenic function is 
rational, algebraic, or entire. A characterization of multiharmonic functions is 
studied. In the final part of the paper, we discuss several polygenic functions of 
several complex variables. An expression for the jacobian is obtained in terms 
of the mean and phase derivatives. Application is made to the pseudo-conformal 
group which may be defined as the group preserving the pseudo-angle (35) of 
Kasner. 

A complex function 


w= U=X + iY = = F(us, +++ , Un) 
= Ya) + Ya)s 


where ¢ and y are real continuous functions possessing continuous partial deriva- 
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tives of first order with respect to the 2” real variables (%a; Ya) =(%1, °° * 5) Xn} 
y1, °* *, Yn) in acertain region R of 2m dimensional space, is termed a polygenic 
function [1] of the complex variables ua=xa+tya, where a=1,-+--, For 
each fixed a, the point (xa, ya) varies over a region R, of the (xa, ya)-plane. 
For a=1, - +: ,m, these m planes are a certain selected set of  coérdinate planes 
of the 2” coérdinate planes which are defined by the coérdinate system (%a, Ya). 

We shall use the complex variables v., conjugate to “a, defined by the obvious 
relations 


Ua = Xa t Va = Xa — 
(2) Ua + Va Ua — Va 
2 2% 


The pair (ua, Ya) for each fixed a@ are called minimal or isotropic coérdinates of a 
point (Xa, Ya) in the (xa, ¥a)-coérdinate plane. For any such plane, the square 
of the differential of arc length is ds? =dx?+dy2=du,.dv_ and the inclination 
6, of a direction in this plane to the x,-axis is given by dvg/dug=e-?**, 

The polygenic function w may be considered to be a function of the ” com- 
plex variables u., or the » complex variables va, or the 2” non-independent com- 
plex variables uq and vq. 


2. Partial derivatives 5w/5u, of a polygenic function w. The partial deriva- 
tives of a polygenic function w with respect to the complex variable u, for a fixed 
a, is 


ow 0 
—— aXe 
bw OXa OVa 4 
(3) 
1 ow 1/dw dw 
2 OVa 2 \Oxe OVe 
It is seen that this partial derivative depends not only on the point (x, - - - , Xn; 
y1, ** *»¥n) but also on the inclination 6, in the (xa, ya)-coérdinate plane. 


Noting that 6w/éu. represents a single complex number, it can be plotted 
as a point in a new plane, which may be called the u,-partial derivative plane. 
Upon fixing the point (x1, - ++, %nj 1, °° *» a), it is found that 6w/du. in this 
new plane represents a Kasner clock [2]. That is, as 04 in the (xa, Ya)-plane 
changes, the points (3) describe a circle in the ua-partial derivative plane at dou- 
ble the rate of 6, and in the opposite direction. The center of the clock is 
and the radius is }|dw/dx.+idw/dyq| . 

In connection with the partial derivatives w/du. of (3), it is seen that the 
following linear operators are important, namely 


Otte 2 OVa 2 OVa 


| 
| 
| 
| 
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where a=1,---, m. The first set of operators are called the mean derivatives, 
and the second set are termed the phase derivatives. It is remarked that the 
symbols 0/du, and 0/dv_q merely denote the application of the linear operators 
(4). 


Of course the linear operators are commutative. We have 


a? 1 ( 
L 


0X0 Xg 


Vg 


Yg 


3? 


a ir 
0? 0? 3? 7 
=— ( - ) + i( + ) , 

3. Prolongation of analytic polygenic functions into 4m dimensional space. 
We shall term w an analytic polygenic function over a region R of 2m dimensional 
space if both of the components ¢ and y are expansible into Taylor series about 
any point x.=x°; ya=y° of R. Now consider the analytic polygenic function 
w=+i with the 2n positive radii of convergence |x2—x°| <ra, |Ya—yo| <Sa- 
The point (x2; y®) is called the center of this analytic power series. If in such a 
function, we replace each x. and ya by a complex variable, that is, set x.=%ta 
Ya=ViattVea where (X1a, X2a} Via, Y2a) are real numbers, the polygenic 
function w is still convergent for all complex variables (x2; ya) such that 
| xa—x°| <ra; | ¥a—y2| <Sa. This follows from a theorem in analysis which states 
that if a multiple power series converges for at least one point (x); y}), not its 
center (x°; y®), then the multiple power series converges absolutely for all com- 
plex variables (xa; ya) such that |x.—x°| <|yi—y8|. The 
convergence is uniform in every 4n-dimensional domain whose closure lies in that 
set. Thus an analytic polygenic function of 2” real variables may be extended 
to an analytic polygenic function of 2” complex variables so that it is defined 
over a certain region of 4n-dimensional space. Moreover this extended polygenic 
function is unique. 

Let 0<t,Smin (rq, Sa). Since an analytic polygenic function w can be con- 
sidered as a function of 2” complex variables (xa; ya), it is seen by (2) that w is 
an analytic polygenic function of the 2” independent complex variables (ua; va) 
where | and <t,. The complex variables (ua, Va) for fixed a, 
are conjugate if and only if (xa, ye) are real. In this case, the linear operators 
(4) denote the formal partial derivatives of w with respect to u. and vq [3]. 


4. Monogenic functions. Now we return to the real variables (x.; ya) and 
we assume merely that ¢ and y are real continuous functions possessing continu- 
ous partial derivatives of first order with respect to (xa; Ya) over a region R of 
2n dimensional space. The partial derivatives 6w/5u. for a=1,---, m, as de- 
fined by (3) will be independent of the directions 0. if and only if 


= 
| 
} 
( 
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ow 1 (= 0 f 

= + i— = 
In this event, the Kasner clocks reduce to points. Upon placing w=¢+7 and 
remembering that @ and y are real, we obtain the Cauchy-Riemann equations 
for n complex variables 

dp oy 


(7) = 0; + 
O%a 


= 0. 


There are 2n such partial differential equations of first order. 

If these are valid at every point of the region R, the function w is said to be 
monogenic, or holomorphic, or regular, or analytic over the region R. In that 
event, we have the actual partial derivatives of w with respect to uw, as it follows 
by (6) and (7), 


ow 1 /dw Ow ow Ow 

(8) 
Oe 2 OXe OVa 

This is the same as 


(9) 


= 1 a 


For monogenic functions over a region R, the Cauchy Integral Theorem is 
valid [4]. The single, double, - - - , 2-tuple integral of a monogenic function 
w= F(ui, Un) along a closed curve, surface, - - - , m dimensional manifold, 
which do not have double points, is zero. Let C,., a closed rectifiable curve with- 
out double points, be in the interior of a region R, of the (xa, ya)-coérdinate 
plane. Then Cauchy’s Integral Formula for a monogenic function F(u, - - + , Un) 
is 

F(u, 


(10) F(21, +++ 2n) 
J. (21 — + (2n — Mn) 


It is deduced from this that a monogenic function F(u, - - + , %,) possesses par- 
tial derivatives of all orders with respect to uv, and hence with respect to (xa; Ya) 
for a=1,---, ”. Also it can be proved that a monogenic function can be ex- 
panded into a Taylor series about any point in the interior of the given region 
R over which the function is monogenic. Thus the monogenic functions are 
special cases of analytic polygenic functions. 


5. Multiharmonic functions. A function is said to be multiharmonic if it is 
the real or imaginary part of a monogenic function. Two functions @ and py 
are said to be conjugate multiharmonic if they are the real and imaginary parts 
of a given monogenic function. Thus two real continuous functions ¢ and y, 


| 
| 
| 


| 
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which possess continuous first order partial derivatives, are conjugate multi- 
harmonic if and only if they obey the Cauchy-Riemann equations (7). Of course, 
all the multiharmonic functions are analytic polygenic functions. 

Upon eliminating y from the Cauchy-Riemann equations (7), it is seen that 
any multiharmonic function obeys the system of n* Poincaré partial differential 
equations of second order 


0° 


(11) + = 0 = 


These are the extensions of the Laplace equation which is the special case 
n=1. Of course, the function also obeys this system of m? partial equations. 

A multiharmonic function y conjugate to a given multiharmonic function @ 
may be found in the following way. Since ¢ and y are conjugate multiharmonic, 
they obey the Cauchy-Riemann equations (7). Hence 


(12) dy = dia + aye) = + dy.). 
a=1 OXa OVa a=1 OVa OXa 


The last written Pfaffian is exact since ¢ obeys the Poincaré system (11). Hence 
WY is found and any two such functions y will differ by a real constant. Having 
found y, the monogenic function w=¢@+y can be constructed. 

It is deduced that any solution of the Poincaré partial differential equations 
(11) zs analytic. For the conjugate function y is found by (12). Since the mono- 
genic function w=¢+1y is analytic, it follows that both ¢ and y are analytic. 


6. Conjugate multiharmonic functions in minimal codrdinates [5]. Since a 
multiharmonic function ¢ is analytic, it follows by the remarks in Section 3, that 
¢@ may be extended to 2” complex variables and hence ¢ can be written as an 
analytic function of 2m independent complex variables (wa; v2) fora=1,--:-,n. 
The function ¢ is real if and only if the conjugate of any term in ¢ is also in ¢ 
when wu, and v, for every a are considered to be conjugate complex variables. 
The system of n? Poincaré partial differential equations (11) may be written in 
minimal coérdinates by (5) as follows 

2 
(13) uth, = 0 


This shows that any multiharmontic function ¢ is of the form 
(14) = F(t, +++ , Un) +G(r1, +, Mn), 


where F is monogenic in (um, +++, Un) and G ts monogenic in (v1, - ++, Un) such 
that the coefficients of the terms in G are the conjugates of the coefficients of the cor- 
responding terms in F. 

If y is a multiharmonic function conjugate to the function @ of (14), then, 


(15) + Un), — iy = u(01, Un), 


y, 
n. 
d 
s 
e 
t | 
| 
| 
| 
| 
} 
| 
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where \ and p are related to each other in the same manner as the F and G of 
(14) above. In order to determine y, it is only necessary to find the value of \ 
and hence yw. Evidently by addition, we have 


(16) 26=A+u=F+G. 
This identity demonstrates that \=F+ic and 4=G-—ic, where c is a real 
constant. Therefore by subtracting equations (15), we have 
(17) =A 2ic. 
Thus tf a function (Xa; Ya) ts multiharmonic, we find 


( )= “—*) 
Va 2 i 


(18) 1 
[F(u1, Un) +G(v1, +++, On) 


The conjugate multtharmonic function wp is 
i 
(19) V(Xa; Ya) [F (11, ig Un) G(n, vn) | + C, 


where c is an arbitrary real constant. The associated monogenic w is 
(20) w=o+ = F(m, +++, Un) + te. 


7. Application of the preceding results [6]. It is evident that if @ is a ra- 
tional multiharmonic function of (xa; ya), then by (18), F is a rational mono- 
genic function of (m1, + + + , %,), and similarly G is a rational monogenic function 
of (v1, +++, Un). By (19), the conjugate multiharmonic function yp is also ra- 
tional. 

The conjugate of any rational multiharmonic function ts also rational multi- 
harmonic. Therefore a monogenic function ip = F(u,) ts rational tf at least 
one component ts a rational function of (xa; Va). 


Of course, the corresponding result for rational integral multiharmonic func- . 


tions is obvious. 
If @ is an algebraic multiharmonic function, there exists a polynomial P in the 
(2n+1) variables x1, + * * Yn) Such that 


At any ordinary point (x°; y°), it is seen that the multipower series expansion 
for ¢ obeys this equation identically. Converting this into minimal coérdinates, 
we obtain the identity 


? 


F(a) + G(va) Ua + Va 
2 2 


(22) 


This is a polynomial in the letters F, G; 4a; ¥a, which vanishes identically when 


(‘ase 
} 
| 
| 
} 
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Fis replaced by F(ua) and G by G(vq). Hence take va =v2 =x° —iy®. The identity 
(22) proves that the monogenic function F(u.) is algebraic, that is, F(u.) obeys 
an equation of the form 


(23) Q[F(ua); = 0 


where Q is a polynomial in the (m+1) variables (F; m, +--+, un). Placing 
F=¢$+W and ua=Xatiya into (23), and putting the real and imaginary parts 
of (23) equal to zero, we obtain two polynomial equations in the (2n+1) vari- 
ables ($, x1, °* *, Yn). Eliminating ¢ from these two equations, 
we find a polynomial equation in the (2m+1) variables (W; x1,°°+, %n; 
1, This proves that is algebraic. 

The conjugate of any algebraic multtharmonic function is also algebraic multi- 
harmonic. A monogenic function w=o+W=F(ua) is algebraic if only one com- 
ponent is known to be an algebraic function of (xa; Ya). 

In a very similar fashion, the following result may be proved. 

The conjugate of any entire multtharmonic function is also entire multiharmonic. 
Thus a monogenic function w=o+i~ = F(uq) is entire if only one component is 
known to be an entire function of (Xa; Ya). 

By definition, (xa; ya) is entire if $(xa; ya) is a multipower series convergent 
for all finite values of (xa; Ya) where a=1, ---,m. By (18), F(ua) is convergent 
for all finite values of u., and also G(r.) is convergent for all finite values of v.. 
Hence the monogenic function F is entire, and by (19), y is convergent for all 
finite values of (xa; va). That is, W is entire. 


8. A characterization of multiharmonic functions [7]. Before giving this 
characterization, we shall consider briefly the conformal or analytic surfaces of 
2n-dimensional space. Let 


(24) tha = Xa t = Va = Xa — = Val(2), 


be m monogenic functions of the single complex variable u=x-+ty for 
a=1,--+-+,m, where at least one of the u/(u) (and also the v¢ (v)) does not 
vanish in a certain region Ro of the (u, v)- or (x, y)-plane. In general each of these 
is a conformal representation of a certain domain R, of the (xa, ¥a)-coérdinate 
plane upon this region Ro of the (x, y)-plane. The points of the domains R. 
fora=1,---,m, give rise to a certain region R of 2m dimensional space. In 
R, the equations (24) are the parametric equations of a surface of special type, 
which is called a conformal surface or an isoclineal surface or an analytic sur- 
face. It can be shown that (24) also induces a conformality between the analytic 
surface and the region Ro. Thus in all, we have (n+1) conformal representations 
upon the region Ro of the (x, y)-plane, namely, the m regions R, of the (xa, 
Ya)-codrdinate planes for a=1, - - - , m, and the portion of the analytic surface 
defined by (24). 
In particular, if the equations (24) are all similitudes, that is, if 


(25) Ua = Gat+ be, a= Aad Ba, 


| 

} 

} 

| 

} 


322 FUNCTIONS OF COMPLEX VARIABLES AND MULTIHARMONIC FUNCTIONS [May, 


where A, is the conjugate of the complex constant a, (not all of which are zero), 
and B, is the conjugate of the complex constant b., the surface is a plane in spe- 
cial position. Such planes are called conformal planes or isoclinal planes, or more 
simply, isoclines. The tangent planes of a conformal surface are isoclines. The 
sum of the orthogonal projections upon the (xa, ya)-coérdinate planes of an 
area on an isocline is equal to the original area itself. 

Now let ¢ be a function of the 2” variables (x1, + , * » Which 
possess continuous partial derivatives of the second order over the 2m dimen- 
sional region R defined above. Upon substituting x.=%a (x, ¥), Ya=Va(x, y) 
which are the real and imaginary parts of (24), or (25), into the function ¢, it 
is found that ¢ becomes a function of only two variables x and y. If the equa- 
tions (24) are used, this operation is called a conformal substitution on the 
function @. Otherwise if (25) are used, the operation is called a similitude sub- 
stitution on @. 

A function is multiharmonic if and only tf o is carried into a harmonic func- 
tion by every conformal substitution. 

This result was first stated and proved by Kasner for the case n=2. 

Applying the mean derivative on the function ¢, we have 


1 /d " Op 
(26) w= => 
2 \dx Oy OUq du Oe 


Next apply the phase derivative upon this. The result is 


= U6 
y 


(27) 


4 


Since ¢ is harmonic in (x, y), this must vanish. As it is to be harmonic for 
every conformal substitution, we find that the right member of equation (27) 
vanishes for all values of uJ and vJ. Hence the coefficient of u vf is zero, that 
is, 0° /du.0vg=0 for a, B=1, - - - , nm. This means that ¢ is multiharmonic. 

A function o ts multtharmontc tf and only tf it 1s transformed into a harmonic 
function by every similitude substitution. 

This result is proved by the same argument as above. The only change is 
that in equation (27), we have ug =a, and vg = Ag. The coefficients of aaAg being 
zero, we obtain 0°f/0u,0vg =0. Thus ¢ is multiharmonic. 

Elsewhere these results have been extended to multi-isothermal systems of 
manifolds of (2n—1) dimensions [8]. 


9. The Jacobian J of n polygenic functions of n complex variables. Consider 
a transformation T defined over a certain region R of 2n-dimensional space by 
the 2m equations 


where 8=1, - - - , m. These 2 functions are assumed to have continuous partial 
derivatives of first order over R. Construct the Jacobian J of these functions. 
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Let the element in the row # and the column a be 0X3/0x., the element in the 
row B and the column (+a) be 0X/dy., the element in the row (w+ 8) and 
column a be 0 Ys/0x., and finally the element in the row (n+) and the column 


(n+a) be 0Ys/dya. The Jacobian J is given the expression 


OXe OVa 
(29) Je 
OY 
OVa 


If J is not zero over the region R, it follows that the region R is mapped by the 
transformation T into another region S of 2m-dimensional space such that in the 
neighborhood of any point of S, the transformation T has a single valued 

) inverse J—! with continuous partial derivatives of first order. 
The transformation T as given by equations (28) may be defined by the n 

polygenic function Us, together with the m conjugate polygenic functions Vg 


defined as follows 


(30) Us=Xs+i¥s, 
for B=1,---+,n. 
: In terms of the mean and phase partial derivatives (4), the Jacobian J as given 
i by (29), may be written in the form 
OUa 
(31) J= 
OV, 
{ 


For by the elementary properties of determinants, we have 


t 
} (2i)" | Ys (2i)" | 
OXe OVa OVa OVa 
(32) y y 
1 
} —2i —2i 
OVa Ota OVa 


10. The pseudo-conformal group G. If the m functions Us=X,+72Yz, are 
monogenic in - - , #,) and the m functions X,—72Yz, are monogenic in 
(v1, - ++, %), then the transformation T is termed pseudo-conformal. Thus a 


| 

| 
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pseudo-conformal transformation T is defined by the equations 
(33) Usp = Us(t, Un), Vea = 


for B=1, ---, Since 0Us/dv2=0 and 0V,s/du.=0 for a, B=1,-+-, it is 
seen by (31) that the Jacobian J of the pseudo-conformal transformation T is 


| OV, 


Ola OVa 


(34) J= 


That is, J is the product of the Jacobian of the m monogenic functions Us with 
respect to the uw, and the Jacobian of the » monogenic functions Vg with respect 
to the v.. The pseudo-conformal transformations T form an infinite group. 

The pseudo-conformal group G of 2m dimensional space for n>1 is not the 
conformal group which is merely the inversive group of (2n+1)(m+1) param- 
eters. 

The pseudo-conformal group G of 2n dimensional space is defined by the 
preservation of Kasner’s pseudo-angle 0 between a curve C:%a=Xa(t); Va=Yalt), 


for a=1,++-, and a (2n—1) dimensional mantfold 
V1, Yn) =O, at their common point of intersection. This pseudo-angle is given 
by the formula [9] 
" (OF oF 
(— dxa + ay.) 
a=] OXa OVa 
(35) 6 = arc tan 
OF + oF d ) 
— 
a=] OVa 


If Cis an analytic curve, there is in general one and only one analytic surface 
S passing through it. This surface S intersects }>2,-1 in a curve C’. The angle on 
S between C and C’ is the pseudo-angle @ of Kasner. 
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A GENERALIZATION OF THE GEOMETRIC SERIES* 
ROBERT STALLEY, Stanford University 
1. Introduction. Methods for the exact evaluation of 
(1) K,(x) = > 
k=l 


when 1 is a non-negative integer and | xe| <1, are developed in this paper. This 
series is a generalization of the geometric series since 


= 


is a geometric series with common ratio x. 
Also the problem of summing a power series in which the coefficient of x* is 
a rational integral function of k reduces immediately to the summation of (1). 
It may be easily shown that K,(x) converges only for | x| <i. 


2. Methods for evaluating K,(x). The recursion relation, 
(2) Kn4i(x) = (x), 


may be verified by performing the indicated operations on 


K,(x) = 


k=1 


Also since Ko(x) is a geometric series, we have 
x 
(3) Ko(x) = ——- 
1—<x 


Now proceeding from (3) by repeated use of (2), we see by induction with 


* This is a condensation of one chapter of a Master’s thesis at Oregon State College. The 
author acknowledges the help of Dr. W. E. Milne and Mr. Newton Smith. 
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respect to m that 
«P,(x) 

(1 ‘ii 


where Po(x) =1 and P,(x) is a polynomial of degree n—1 in x if n>0. 
Substituting K,(x) from (4) into (2), performing the differentiation, and 
removing the factor x/(1—x)"*+?, we have 


(5) Pasyi(x) = (nx + 1)P,(x) + — x) (x). 


By use of (5) and the known fact, Po(x) =1, we may readily build up several 
P,(x)’s: 


P(x) = 1 

P(x) =1+2 

= 1+ 42+ x? 

= 1+ 11% + 11x? + x3 

P,(x) = 1 + 26x + 66x? + 2623 + x4. 


Since P,(x) is a polynomial of degree »—1, we may set 
r=] 


If we substitute P,(x) from (6) into (5) and equate like powers of x, we obtain 
the recursion relation for f,(m), namely, 


(7) f.(n) = (n— + 1)fr-a(m — 1) + rf-(m — 1). 


Now from this relation, since fo(m) =0, then fi(m) =1, and since f,4:(2) =0, then 
f,(n) =1. It may be easily shown that these coefficients are symmetrical, are 
positive integers, and increase toward the center of the polynomials. 

By use of (7) and the above initial conditions we build up a triangular array 


of f,()’s: 


1 
1 1 
1 4 1 
1 11 11 1 
1 26 66 26 1 
1 57 302 302 57 1 


120 


1191 2416 


1191 120 


| 

} 

| 
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The law of formation is evidently similar to that for Pascal’s triangle. In- 
stead of adding two elements to obtain the one below, we add certain multiples 
of them. A multiple is determined by the number of steps we must take from a 
side of the triangle to reach the particular element. The method is evident from 
(7). For example, 11=3X1+2X4, and 1191=5X57+3 

Three methods for the summation of K,(x) have now been developed: Re- 
peated application of (2) starting with (3); repeated application of (5) starting 
with P(x) =1, and substitution in (4); and finally the most ideal method, use of 
(4) where the coefficients of P,(x) are obtained from the mth row of the triangle, 


3. An expression for K,(x). An analytic expression for K,(x) may be de- 
veloped by induction with respect to m. An expression for f,(m) is obtained and 
substituted in (6). Then P,(x) from (6) is substituted in (4) for K,(x). 

Thus, repeated application of (7) yields 


n—r+1 


(8) fin) = Dor (n — i+ 2)f,r(n — 3). 


t=1 
With the initial fact fi(”) =1 we have by repeated application of (8): 


fi(n) = 1" 
fo(n) = 2" — (n + 1)1" 


1 
fa(n) = 3% — (m + + §* 
filn) = 4" — (n + 4+ on (n + 1)n(n — 1) 


3! 
Now an intelligent conjecture for f,() evidently is 
n-+1 
m=1 1 


This conjecture is proved by first showing it satisfies (7) and then showing f:(m) 
=f,(n) =1. Hence 


r=) m=1 


K,(x) = = 


ct (1 


valid for |x| <1. 


| 

| 

| 

} 

I 


MATHEMATICAL NOTES 


EpiTEp By E. F. BECKENBACH, University of California 
and Institute for Numerical Analysis of the National Bureau of Standards 


Material for this department should be sent directly to E. F. Beckenbach, University of 
- California, Los Angeles 24, Calif. 


ON A LEMMA OF STIELTJES ON MATRICES 


H. E. GouEEn, Syracuse University 


In an article published in Acta Mathematica in 1886,* Stieltjes gave as a 
lemma a theorem amounting to the following: 


THEOREM 1. If the elements off the principal diagonal of the symmetric matrix 
of a positive definite quadratic form are all negative, then all the elements of the tn- 
verse of that matrix are positive. 


An extension of Stieltjes’ remarks to include not necessarily symmetric ma- 
trices has been made in a Cowles Commission Monograph** by Jacob L. Mosak 
in a lemma which amounts to the following: 


THEOREM 2. [f all the principal minors of a matrix are positive and all the ele 
ments off its main diagonal are negative then all the elements of its inverse are post- 
tive. 


It is clear that Theorem 1 is included in Theorem 2. In the proof of Theorem 
1, Stieltjes used the special theory of positive definite quadratic forms, while in 
the proof of Theorem 2, Mosak uses a purely arithmetic method founded upon 
complete induction. Mosak’s proof is straight-forward, but is susceptible of 
simplification. 

Consider the matrix 


in 

22 den 
A= 

Gn1 Ann 


satisfying the conditions of Theorem 2. It is to be proved that its inverse has 
all positive elements. This will be proved if it is proved that the cofactor of 
a;; is positive; therefore, the following method of attack will be used. It will be 
assumed that the cofactors of all the elements are positive for any matrix of 


*T. J. Stieltjes, Sur les racines de l’équation X,=0, Acta Mathematica 9, 385-400 (1886)- 
Reprinted in Oeuvres Complétes de Thomas Jan Stieltjes vol. 2, 73-88. Groningen, P. Noord- 
hoff (1918). 

** J. L. Mosak, General Equilibrium Theory in International Trade. Cowles Commission 
Monograph Number Seven. Bloomington, Ind., Principia Press (1944) pp. 49-51. 
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degree n—1 satisfying the conditions. It will be proved that then the theorem 
is true for matrices of degree m satisfying the conditions. Inasmuch as 


G12 1 [ G22 
22 11022 — @12021 L— G21 
the theorem is true for matrices of degree 2 satisfying the conditions, and hence 


it will follow that the theorem is true for all m. 
Let A;; be the cofactor of a;; in A (with 147). Then 


Gin 
a ee a 

* Gan 


the prime indicating that the ith row and jth column are omitted from the de- 
terminant of A to yield the determinant B;;. 

Consider B“, a matrix of degree »—1 which is obtained from A by omitting 
the jth row and jth column of A. This matrix satisfies the conditions of Theorem 
2; and by hypothesis, since it is of degree n—1, the cofactors of all its elements 
are positive. 

In B® consider the minors of the elements in the row whose elements in the 
notation used for the elements of the matrix A have first subscript 7. If «>j this 
is the (¢—1)st row of B“; if «<7 it is the tth row of B®. The cofactors of the 
elements of this row are by hypothesis all positive. If the minor of the kth ele- 
ment in this row is denoted by M; ,we have 


sgn (—1)** M, = 1, 
sgn (—1)***1M, = 1, if i>j. 


M;, is the (n—2)-rowed minor obtained by suppressing the ith and jth rows and 
the jth and kth columns of A. 

In B;; consider the row whose elements have first subscript 7. If i<j this is 
the (j—1)st row while if «> 7 this is the jth row. The minor of aj in Bi; is M; 
since it is the (n—2)-rowed minor obtained by suppressing the ith and jth rows 
and the jth and the th columns of. A. Consequently the sign of the cofactor of 
of a, in is sgn M, if i<j and (—1)** sgn M, if i> In the former 
case sgn M; is (—1)*+* and in the latter (—1)*+*-'. Hence, in all cases, the sign 
of the cofactor of aj, in B;; is (—1)**#+#*-!, Since #k for any k, sgn —1. 
Hence the sign of the product of a, and its cofactor in Bj; is (—1)**#+?*-? 
= (—1)*%, Hence the sign of B;; which is a sum of these like-signed products as 
can be seen by expanding it by the minors of the row which has first subscript 
j, is (—1)*#. Hence the sign of Ai; is (—1)?*+*/; that is, Ai; is positive. 


| 
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ON THE DENSEST PACKING OF SPHERICAL CAPS 
L. Feyes TétH, Budapest, Hungary 
In the present note we shall give a new proof of the following result. 


THEOREM [1]. From n>2 given points of the surface of the unit sphere there al- 
ways can be found two, having a spherical distance 
cot? w — 1 n 


1 d S arc cos ——————_ » o= a 
©) 2 n—2 6 


The inequality (1) can not be improved for n =3, 4, 6, 12 [2] and it gives an 
exact asymptotic estimate for large values of n. 

The following inequality, equivalent to (1), improves certain results of A. 
Thue [3] concerning the densest packing of circles in the plane: 

Consider n >2 congruent spherical caps of the unit sphere such that no two of 
them overlap. If f denotes the area of a cap then 


1 


6 


wa 


The proof of statement (1) rests on the following lemma. 


B 


LemMA. If the area of a spherical triangle ABC is less than the area of the 
equilateral spherical triangle ABC’ drawn upon the shortest side AB of ABC then 
the spherical radius of the circle circumscribed to ABC ts greater than AB. 


For suppose that C’ lies on the same side of the great circle AB as C. Con- 
sider the congruent circles a, B, y’ of radius AB having the center, A, B, C’, re- 
spectively. Let A’ be the point of intersection of 8 and y’ different from A, and 
B’ the point of intersection of a and 7’ different from B. 
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Since the triangles ABA’, ABB’, ABC’ have the same area, the arc of the 
circle through A’, B’, C’ lying “above” the great circle AB is the locus of the 
vertices C* of the triangles A BC* the area of which remains invariant. 

C lies, by supposition, in the domain bordered by the above Lexell-circle 
A’B'C’' and the great circle AB. Since, on the other hand, C lies outside a and 8, 
the point C does lie without 7’. This proves the lemma. 

Let us now turn to the proof of the inequality (1). 

The case »=3 being trivial, we can restrict ourself to the case n2=4. Obvi- 
ously we may suppose that the points Pi, Ps, - - - , P, lie not all on a hemisphere 
and thus the convex hull II of the points contains the center O of the sphere S. 
Furthermore we may suppose that the polyhedron II has only triangular faces 
since otherwise we could decompose them into triangles. The number of the faces 
of II is then 2n —4. 

Consider the spherical net N arising by projection of the edges of II from O 
upon S. Suppose that—contrary to (1)— 


> 


where we denote by 8 the bound on the right in (1). Since b equals—as a simple 
computation shows—the length of the side of an equilateral spherical triangle of 
area 4r/(2n—4), the triangle P;P;P, having the least area among the 2n—4 
triangles determined by N satisfies the condition of our lemma. 

Let us denote the circle circumscribed to P;P;P;, by y and the (spherical) 
center of y by P,4:1. Since the spherical cap bordered by y contains no point of 
P,, - ++, Pn, and the radius of y is by our lemma greater than b, we can complete 
the point system P;, -- - , P, by Pay: without loss of the property that any two 
points of the system have a spherical distance greater than bD. 

This proceeding can be continued. But since the number » of the points of a 
system having the above property is obviously bounded [4] we arrive in a finite 
number of steps to a contradiction. This completes the proof. 


Comments 


1. See my paper Uber eine Abschitzung des kiirzesten Abstandes zweier Punkte eines auf 
einer Kugelfliche liegenden Punktsystems, Jahresbericht d. D.M.V., vol. 53 (1943), pp. 66-68. 
According to the kind information of Professor H. Hadwiger, he also found the inequality (1) and 
presented it in a lecture at the Mathematical Seminary of the University of Bern in the winter 
semester 1942-43. 

2. The extremal distribution of the points is determined, for these values of n, by the vertices 
of an equilateral triangle inscribed in a great circle, of a regular tetrahedron, of an octahedron or 
of an icosahedron, respectively. 

3. Cf., for instance, the paper of B. Segre and K. Mahler, On the densest packing of circles, 
this MONTHLY, vol. 51 (1944), pp. 261-270. 

4. Consider the spherical caps of radius 6/2 having the top points P;, P2,+- +, P,. From the 
fact that the sum of the areas of these caps is less than 4x, we obtain, for instance, the bound »v <siny? 


(b/4). 
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THE ADJOINT OF EULER’S LINEAR DIFFERENTIAL OPERATOR 
H. J. ZimMERBERG, Rutgers University 


Rainville [this MONTHLY, vol. 46 (1939), pp. 623-627] has defined an ad- 
joint operator as applied to linear differential operators and has investigated its 
properties. In this note we consider the special case of Euler’s linear differential 
operator and exhibit an interesting form for its adjoint. Further related results 
are also derived which are utilized to solve certain exercises involving differential 
operators. 

Let D=d/dx, D»=d"/dx" (n=1, 2, - ), D°=1, be the customary symbols 
for denoting the first, nth, and Oth differential operator, respectively. A linear 
differential operator is then defined as any linear combination of terms of the 
type pa(x)D* (n=0, 1, 2, - - - ), where p,(x) is an arbitrary function of x having 
as many derivatives as are necessary for the purposes of our discussion. The ad- 
joint operator a acting upon linear differential operators is defined as a linear 
operator, that is, 


a( = 


= Cn constant, 
such that 


(1) a[pn(x)D*] (—1)"D"p,(x) (n = 0,1, ). 


It is to be emphasized that the right-hand member of (1) above is to be inter- 
preted as an operator and not as (—1)* multiplied by the mth derivative of 
p.(x). For example, by D*x? operating on a function of x, say F(x), we shall un- 
derstand that the operator D? is acting upon x*F(x), and the result is therefore 
equivalent to that obtained when the operator x?D?+4xD+2 acts upon F. A 
differential operator followed by a function of x is to be interpreted as an operator 
in this manner throughout this note. 

For Euler’s differential operator D=xD=x(d/dx) we have the familiar rela- 
tions 


(2) x"D" — 2)---(-—n+1) (n=1,2,---). 
The following two lemmas are readily verified by direct evaluation. 


Lemma 1. The linear differential operator D+-c, c constant, permutes with an 
operator of similar type; i.e., (D+a) (D+b)=(D+b) (D+<a) for arbitrary con- 
stants a and b. 


Lemma 2. a[D]=—(D+1). 


For convenience, we merely restate the main result of Rainville’s paper. 


Vy 
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THEOREM 1. Jf A and B are arbitrary linear differential operators, then a|AB] 
=(a[B])(a[A]). 
THEOREM 2. If n ts a nonnegative integer then 
a [p(x)a"D*] = (—1)"D + + 2)--- O + n)p(2). 


From the relations (2) above, the repeated application of Theorem 1 of Rain- 
ville, Lemma 2 above, and the linearity of the adjoint operator, we have 


a[p(x)x"D"] = a[p(x)D@M — 1)---O-—n+1)] 
= (a[D — » + 1))--- (@[D — 
= + 1)p(x). 
The desired result then follows in view of Lemma 1. 
CoROLLARY 1. For any nonnegative integer n we have 
Dex" = (D+ 2)---O+n). 


The above equality of differential operators is an immediate consequence of 
Theorem 2 above and the definition of the adjoint (1). The next corollary then 
follows in view of Lemma 1 above. 


COROLLARY 2. For nonnegative integers n and r the differential operators 
Dx" and D* permute. 


This result can be employed to give a simple proof of the equality of the dif- 
ferential operators 


(3) — n)* = (n,r = 0,1,2,-++), 


which is equivalent to problem 9 (iii) on page 86 of Forsythe, A Treatise on Dif- 
ferential Equations. By direct computation, we have (D—2)x*=x"D, and, by re- 
peated application, (D—n)'x"=x"D". Consequently, D*(D—n)'x*=D*x"D" 
=D'D*"x", the latter equality holding in view of Corollary 2 above. As D* (D—n)* 
operating on F(x), an arbitrary function of x, is equivalent to D»(D—1n)*x* act- 
ing upon x—"F(x) we have the desired relation (3). 


COROLLARY 3. For nonnegative integers m and n the differential operators 
D™x™ and x"D" permute. 


This result follows at once from Corollary 1 above, relation (2), and Lemma 
1 above. As an immediate consequence, we have that, for nonnegative integers 
m,n and r, 


(see problem 9 (ii) on page 86 of Forsythe). One may easily devise other prob- 
lems which are readily solvable by the permutability relations above. 


1 
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THEOREM 3. If n 1s a nonnegative integer then 
a[p(x)D"] = (—1)"D + 1)*(2). 


This result follows at once by a repeated application of Theorem 1 of Rain- 
ville and Lemma 2 above. 


CLASSROOM NOTES 
EpITED By C. B. ALLENDOERFER, Haverford College and Institute for Advanced Study 


All material for this department should be sent to C. B. Allendoerfer, Institute for Ad- 
vanced Study, Princeton, New Jersey. 


FINDING THE EQUATION OF THE CIRCLE THROUGH THREE POINTS 


HANAN Rustin, New York University 


In an elementary course in analytic geometry, the problem of finding the 
equation of the circle passing through three given points is usually solved by 
three methods; namely: 

a) Solving three linear equations for the three essential constants in the equa- 
tion of a circle. 

b) Finding the center of the circle by finding the intersection of the. per- 
pendicular bisectors of two of the chords determined by the three given points. 

c) Using a determinant. 

The first two methods involve a considerable amount of calculation for such 
a simple problem, and the third method gives the answer in an inconvenient 
form. However, the equation of the required circle can be obtained rapidly in a 
usable form with the help of the formula discussed below. 

The equation of the circle passing through the points (x1, y1), (x2, ye), and 
(xs, Ys) is 


(x — x)(% — x2) + (y — — 92) 

+ k[(x2 — x1)(y — 91) — (y2 — — = 0 
where k is a constant chosen so that (x3, ys) should satisfy the equation. In- 
spection of (1) reveals trivially that it represents a circle and that (x, 1) and | 
(x2, ye) satisfy the equation for all values of k. It is also to be observed that it 


is a simple matter to apply this formula to particular examples. 
The formula can be motivated as well as remembered by noting that { 


(2) (x — — x2) + (y — — 92) = 0 


represents a circle through the points (x1, yi) and (x2, ye) and that 


(1) 


(x2 — %1)(y — — (y2 — — m1) = 0 
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represents the straight line through the points (x1, y1) and (x2, y2). It is obvious 
then that (1) represents the family of circles passing through the points (x1, 1) 
and (x2, ye). 

A special case occurs when the three points through which the circle is to 
pass involve only two different abscissas and two different ordinates. For ex- 
ample, the equation of the circle passing through the points (x1, y:), (x2, y2), and 
(x1, y2) is given by (2) or by (1) with k=0. In this case, the points (x, yi) and 
(x2, y2) are the end-points of a diameter and the point (x2, yi) automatically lies 
on the circle. 

As a generalization of the formula to solid analytic geometry, the equation 
of the sphere passing through the points (x1, y1, 21), (%2, ¥2, 22), (%3, Ys, 23), and 
(X4, V4, 24) is 


(x — a1)(% — x2) + (y — — 92) + — 21)(2 — 22) 
+ kil(y2 — 91)(2 — 21) — (22 — 21)(y — 
= z1)(x %1) (x2 x1) (z 21) | 
= 0 


where k; and kz are constants chosen so that (x3, ys, 23) and (x4, ys, 24) should 
satisfy the equation. Or, in vector notation, the equation of the sphere is 


(X — X1)-(X — X*) + K-(X? — X!) K (X — X}) = 0 
where 
X = (x, y, 3) 
X! = (x1, Yi, 21) 
X? = (x2, V2, Z2) 
K = (Ai, ko, 0). 
This form of writing the equation seems to bring out in a new light the fact that 
X' and X? satisfy the equation for all values of K. 
The formula can be generalized to m dimensions, but its value decreases rap- 
idly as m increases since it merely reduces by two the number of constants to be 


determined. However, in the case of the circle, the use of the formula provides a 
significant saving in calculation. 


“INTEGRATION BY PARTS” AS A METHOD IN THE SOLUTION 
OF EXACT DIFFERENTIAL EQUATIONS 
C. R. PHetps, Rutgers University 


The method of “integration by parts,” well-known to the student of the 
calculus, can be used to advantage in the solution of a large class of exact dif- 
ferential equations. For example, let us take the equation 


(1) (x? + day — 1)dy + (2x + + 2y)dx = 0, 
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which is easily shown to be exact by the usual test.* Our method consists of inte- 
grating (1) teria-by-term, using “parts” whenever more than one variable is in- 
volved. Since {x*dy=x*y— [3x*ydx and f4xydy = [(2x)(2ydy) = 2xy?— f2y*dx, 
equation (1) integrates to 


— f + 2xy? — f — yt x? +f 3x?ydx +f 2y*dx =C; 
the remaining integrals cancel, giving the solution 


+ 2xy? — y+ =C. 


It is to be noted that this method calls upon the student’s previous experience, 
rather than upon the (to him) hazy notion of integration leaving one of the vari- 
ables fixed. 

The general situation for first-order exact differential equations can be stated 
and proved as follows: If the differential equation Mdx+ Ndy=0 is exact, and if 
N (or, equivalently, M) is expressible as a sum >-?_, ai(x)bi(y) of separated arbi- 
trary (differentiable and integrable) functions a;(x) and b;(y), then we may inte- 
grate by parts. 

Proof: we integrate each summand of N by parts: fa;(x) [bs(y)dy ] =a.(x)hi(y) 
— faj(x)hi(y)dx, where hi(y)=fbi(y)dy. Also, since the equation is exact, 
8M/dy=9N/dx = thus M= +¢(x). Consequently, in- 
tegrating the equation Ndy+Mdx=0 gives us Yiai(x)hi(y) faj(x)hi(y)dx 
+ faj(x)hi(y)dx+ fe(x)dx =C, or Diai(x)hi(y) +(x) = C, where f(x) = fe(x)dx. 

Specific criteria for the exactness of a second order exact differential equation 
may be obtained by this same method. A differential equation of the second or- 
der is defined as exact if it is formed by equating to zero the precise derivative 
of some function of x, y, and y’; thus it is evident that y’’ can occur only lin- 
early. We merely must assume in addition that y’ occurs only to integral pow- 
ers; therefore we have the general form 


For the first set of terms, we use integration by parts in the form uv’ =(uv)’—vu’, 
letting u;=A; and vj =(y’)*y’’. Then (2) becomes 


(= i )- + nor =o. 


Since the first term is exact, the remainder must be also; but a first order exact 
equation is necessarily linear in y’; hence the terms of higher degree in y’ must 


* See any text; for example, Cohen, “Differential Equations,” N.Y. 1933, pp. 22-29 and 162- 
164. 
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vanish, and we have remaining only the terms 


dA 
(3) —-—y+Bot By =0. 

Ox 
The necessary and sufficient conditions for exactness of (2) thus consist of the 
exactness condition for (3) and the conditions for the vanishing of the higher 
powers: 


OBo 
Ox Ox oy 
1 0A, 
2 ax oy 


1 dAx-1 1 


= B,, 2S k S max (m, 2); 


(Ex) 


where we let A;=0 and B;=0 for i>n and j>m. 

As a practical matter, if the above process is carried out at the outset, both 
the question of exactness and the solution if exact will be determined simultane- 
ously—the former merely by whether the higher powers of y’ cancel and whether 
the remaining first order equation is exact (determined as in the first paragraph 
by a repetition of the process). 

For an example, let us consider the equation 


(4) (x?y + + 4x?y’? + 2xyy’ = 0. 


Here Ap =x’y, A, = 2x5, n=1; Bo=0, Bi =2xy, B,=4x?, m=2. It is easily checked 
that conditions E,, E2, are satisfied. We have [(x2y’ 
+2xy)y’dx and [(x*) (2y’y""dx) =x*y'? — [3x2y'dx so that, upon multiplying by 
dx and integrating, (4) becomes x*yy’— [x*y"*dx — — 3 [x2y""dx 
+4 fIxyy’dx=C or x*yy’+x%y’2=C. (This equation, solvable for y, 
has the solution xy+ C\x + C,=0; see Cohen, p. 79, ex. 9.) 

Two special cases of (2) seem worthy of mention. First, the equation 
Po(x)y’'+P:(x)y’+P2(x)y=0, treated in many texts, is exact if and only if 
P,’’—P{+P2:=0, a direct corollary of (£;:). Also, the equation F(x, y)y’’ 
+G(x, y)y’+H(x, y) =0 is exact if and only if (Z:) OG/dx —0*F/dx? =0H/dy and 
(E2) F is a function of x only! 

This method of integration by parts is easily extended both to exact equa- 
tions of order higher than the second, and to the total differential equation 
Pdx+Qdy+Rdz=0 when exact. 
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ELEMENTARY PROBLEMS AND SOLUTIONS 
EpITtEp By Howarp Eves, Oregon State College 


Send all communications concerning Elementary Problems and Solutions to Howard 
Eves, Mathematics Department, Oregon State College, Corvallis, Oregon. This department 
welcomes problems believed to be new, and demanding no tools beyond those ordinarily fur- 
nished in the first two years of college mathematics. To facilitate their consideration, solutions 
should be submitted on separate, signed sheets, within three months after publication of 
problems. 


PROBLEMS FOR SOLUTION 
E 866. Proposed by L. J. Burton, Bryn Mawr College 


Players A and B take turns, beginning with A, each marking a previously 
unmarked unit line segment joining any two points with integral coordinates at 
a unit distance in a plane. 

(a) Prove that B can prevent A from ever marking all the line segments in 
the perimeter of any closed polygon. 

(b) Prove that if Py: (x1, yi) and Pe: (x2, ye) are any two fixed points with inte- 
gral coordinates such that | P,P;| >1, then B can prevent A from joining P; and 
P; by a broken line consisting of segments marked by A. 


E 867. Proposed by Walter Fleming, Fort Hays Kansas State College 
Find 

lim n-? 

n> 0 j=1 
E 868. Proposed by P. D. Thomas, Washington, D. C. 


Let P and Q be, respectively, the feet of the common perpendicular to two 
fixed skew lines p and g. A variable line r meets p in R and q in S. Find the locus 
of r if the volume of the tetrahedron PQRS is constant. Also find the locus of the 
centroid of PQRS. 


E 869. Proposed by P. T. Bateman, Institute for Advanced Study 


If a polynomial f(x) with integral coefficients has the property that f(m) is a 
perfect square for all integers m, then f(x) is the square of another polynomial with 
integral coefficients. 


E 870. Proposed by Joseph Rosenbaum, Hartford, Conn. 


Characterize quadrilaterals A1B1C,D, such that if As, Bz, C2, De are the cir- 
cumcenters of A:BiC;, BiC,D:, then A;, Bi, Ci, are the cir- 
cumcenters of A2B2C2, B2C2D2, C2D2A2, D2A2Bz. 
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SOLUTIONS 
A Principal Center of Normal Curvature 


E 836 [1948, 576]. Proposed by W. R. Ransom, Tufts College 


If a right circular cone is cut in an elliptical section by a plane perpendicular 
to a given element of the cone, then the center of curvature of the vertex of the 
ellipse lying on the given element lies on the axis of the cone. 


I. Solution by C. S. Ogilvy, Trinity College, Connecticut. Let O, and O, be the 
centers of the small and large Dandelin spheres, of radii 7; and 72 respectively. 
These spheres touch the plane of the ellipse at the two foci F; and F; respec- 
tively. Then, if /i/:=2c and if the major axis is 2a, it is evident that r,>=a—c 
and r2=a+c, and 


tan (F:0,02) = (r2 — 11)/(re + 71) = c/a. 


The radius of curvature at the vertex is found, by the usual method, to be 
p=(a?—c’)/a. Therefore, if P is the center of curvature in question, 


tan (F,0,P) = (p — n1)/ri = c/a. 


Hence angles F,0,02 and F,0,P are equal, which says that P lies on the axis of 
the cone. 


II. Solution by L. M. Kelly, Michigan State College. The theorem is an im- 
mediate consequence of Meusnier’s theorem. The ellipse in question is a normal 
section at a point P on the cone. Therefore the center of curvature of any other 
plane section containing the same tangent line to the cone at P is the projection, 
on its plane, of the center of curvature of the elliptic section. But the plane sec- 
tion containing the above tangent line and perpendicular to the axis is a circle 
and has its center of curvature on the axis. Hence the center of curvature of the 
ellipse must also be on the axis. 

Also solved by L. J. Burton, I. J. Cherry, W. J. Cherry, J. L. Ericksen, R. T. 
Hood, Roger Lessard, D. C. B. Marsh, D. W. Matlack, L. E. Rickard, A. Sisk, 
O. D. Smith, P. D. Thomas, C. W. Trigg, W. F. Whitbeck, and the proposer, 

Thomas pointed out that the theorem is a special case of the more general 
theorem: “The two principal radii of normal curvature at a given point of a 
revolute are respectively the radius of curvature at the given point of the merid- 
ian section and the radius of curvature of the plane section, containing the nor- 
mal at the given point, orthogonal to the meridian section; this second principal 
radius of curvature is the intercept of the normal between the given point and 
the axis of rotation.” A proof of this theorem, similar to Kelly’s solution above, 
may easily be supplied. As a reference Thomas gave R. J. T. Bell, Coordinate 
Geometry of Three Dimensions, p. 335. Also see C. E. Weatherburn, Differential 

Geometry of Three Dimensions, v. 1, p. 78. 
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An Arithmetic-Geometric Series \ 
E 837 [1948, 576]. Proposed by Roy Dubisch, Fresno State College 
Find the sum and interval of convergence of the series 


(a + nd) x". 


I. Solution by the Proposer. The ratio test shows that the interval of conver- 
gence is —1<x<1. To find the sum consider 


Sn — = a+ d(xt+ + 2") — (a+ nd)x™, 


so that 
(a — ax + dx) — (a+d + nd)x"! + (a + nd)x*? 
(1 — x)? 
Hence 
S = lim S, = (a — ax + dx)/(1 — x)? for |x| <1 


no 


II. Solution by W. Fulks, University of Minnesota. It is evident that 


(a + nd)x* = + 
n=0 


n=0 n=0 


within the common interval of convergence of the two series on the right. But 


— |x| <1. 


n=0 


Differentiating we get 
|x| <1. 
Hence, for |x| <1, we have 


The interval of convergence is clearly —1<x<1, since for x= +1 the terms of 
the series numerically approach infinity. 
Also solved by P. R. Beesack, A. R. Brown, Jr., L. J. Burton, Richard } 
Courter, Maurice Dunn, Ragnar Dybvik, B. K. Gold, R. T. Hood, J. M. King- 
ston, Frank Kocher, Roger Lessard, Julius Lieblein, H. D. Lipsich, D. C. B. 
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Marsh, Leo Moser, C. S. Ogilvy, H. Orlin, S. T. Parker, C. F. Pinzka, C. M. 
Sandwick, Robert Stalley, W. R. Talbot, and C. W. Trigg. 

The formula for S, given in solution I agrees with a result given by C. W. 
Trigg, Problem 1357, School Science and Mathematics, Jan. 1935, p. 95. An ap- 
plication of this formula for S, is 


1+3-2+ 5-2? +--+ + (2m — 1)2*-! = 3 — 2" + (m — 1)2™*', 


which is Problem 2822 [1921, 284]. For an application of the formula for S see 
Problem 400 [1914, 158]. Moser pointed out that the formulas for both S and 
S, appear in Hall and Knight, Higher Algebra, p. 44. 

Stalley, in his Master’s Thesis (note his paper in this issue of the MONTHLY), 
found an expression for 


S(x,m) = D> k™x*. 
keel 
Now 


(a + kd)x* = ado xt kx* = + S(x, 0) + dS(x, 1). 
k=O 


k=0 k=0 
Associated Polynomial Curves 
E 838 [1948, 576]. Proposed by H. T. R. Aude, Colgate University 


By a translation of axes and a suitable choice of scale of the ordinates the 
general polynomial equation of the fifth degree can be taken in the form 


y = ax? + dx? + cx + d. 


Assume that there exist four bend points. Find the polynomial cubic equation 
which is satisfied by these four points. Also find the equation of the parabola 
with axis parallel to the y-axis which passes through the three points of inflec- 
tion. 


Solution by S. T. Thompson, Tacoma, Washington. We shall use the general’ 
and obvious, theorem: “If.f(x), g(x), g(x), r(x) are polynomials such that 


f(x) = g(x)q(x) + r(x), 


then the curve y=r(x) passes through the points on y =f(x) having for abscissas 
the roots of g(x).” 

Since the abscissas of the bend points of y=f(x) are roots of f’(x), and the 
flexes of y =f(x) are roots of f’’(x), we take f(x) as the given quintic and let the 
divisor g(x) be f’(x) and f’’(x) in turn. Calculating the corresponding remainders 
y =r(x) we find, respectively, 


Sy = + 3bx + 4ex+d 
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and 
100y = 90bx? + (100c — 21a”)x + (100d — 7abd). 


These are the sought curves. The bend points and the flexes of y=f(x) need not 
be real. 


It is easy to obtain results applying to a polynomial f(x) of general degree n. 
Also solved by L. J. Burton, R. T. Hood, Roger Lessard, C. M. Sandwick, 
C. W. Trigg, and the proposer. 


A Palindromic Expression 


E 839 [1948, 576]. Proposed by E. D. Schell, Office of the Comptroller, United 
States Air Forces 


Given S,=n-1+(n—1)2+ - ++ +2(n—1)+1-n. Show that S,=C(n+42, 3). 
Solution by Philip Anselone, College of Puget Sound. Evidently 


k=l 


n(n + 1)?/2 — n(n + 1)(2n + 1)/6 = n(n + 1)(n + 2)/6 = C(n + 2, 3). 


Also solved by P. R. Beesack, A. R. Brown Jr., D. H. Browne, L. J. Burton. 
Richard Courter, R. E. Crane, Ragnar Dybvik, W. Fulks, B. K. Gold, J. F. 
Heyda, R. T. Hood, S. J. Jasper, J. M. Kingston, H. D. Larsen, R. S. Lehman, 
Roger Lessard, Julius Lieblein, H. D. Lipsich, W. R. McEwen, Leo Moser, 
Z. I. Mosesson, C. R. Newell, C. S. Ogilvy, S. T. Parker, C. F. Pinzka, C. M. 
Sandwick, N. C. Scholomiti, Joan Snapper, W. M. Stone, W. R. Talbot, C. W. 
Trigg, E. W. Trost, W. R. Van Voorhis, and the proposer. 

Trigg found the sum of the more general series formed from any arithmetic 
progression and its palindrome multiplied term by term: 

T, = ala + (n — 1)d] + (0+ d)[a + (n — 2)d] + --- + [a + (n — 1)d]a 
= adn? + an(a — d) + d*C(n, 3). 
If a=d=1, then 7,=Sy,. 
As another generalization Trigg showed that 
+ (2)(3) +++ (B+ = 2) 
+ (n — (m — 1)(m)(k) - (2)(1) 
= (k!)*C(n + k+ 1, 2k + 1). 
Here Sn. 
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ADVANCED PROBLEMS AND SOLUTIONS 
EpiteEp sy E. P. Starke, Rutgers University 


Send all communications concerning Advanced Problems and Solutions to E. P. Starke, 
k, Rutgers University, New Brunswick, New Jersey. All manuscripts should be typewritten, with 

; ; double spacing and with margins at least one inch wide. Problems containing results believed 

{ to be new or extensions of old results are especially sought. Proposers of problems should also 
enclose any solutions or information that will assist the editor. In general, problems in well 
od known textbooks or results found in readily accessible sources should not be proposed for this 
department. 


). PROBLEMS FOR SOLUTION 
4346. Proposed by N. S. Mendelsohn, University of Manitoba 


Prove that 


2? 


for any positive integer m. The brackets denote, as usual, the greatest integer 


function. 
, 4347. Proposed by Paul Erdés, Syracuse University 
’ If m and n are integers satisfying 


( 1 1 1 
1-—) >> 
m 2 m—1 2 

prove the relations 
(m — 1)" > (m — 2)" + (m — 3)" +--+ 41% 
(m + 1)" < (m— + 1%, 
Show also that the inequality 
> (m — 1)* + (m — 2)" + 1* 


! is true in infinitely many instances, but it is also untrue in infinitely many in- 
| stances. 


4348. Proposed by D. A. Darling, Rutgers University 


This problem was brought from Poland by Professor H. Steinhaus. It appears 
that Professor Banach was accustomed to carrying a box of matches in each of 
) two coat pockets. To light his pipe, he would take a match from either box at 
random. The boxes contained originally m matches each. Banach’s question is: 
when first a box is opened and found empty, what is the expected number of 
matches left in the other box? 
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4349. Proposed by H. F. Sandham, Trinity College, Dublin, Ireland 


Prove that 
2 5 8 
v3 


SOLUTIONS 
Second Lemoine Point 
4218 [1946, 471]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a tetrahedron T=ABCD, if a point L with the normal coédrdinates 
(x, y, 2, t) is such that its associates (—x, y, 2, t), (x, —y, 2, t), (x, y, —2, 2), 
(x, y, 2, —t) are on the circumsphere, it coincides with the point whose distances 
to the planes of the faces BCD, CDA, DAB, ABC are proportional to the radii 
of the circumcircles of these faces (second Lemoine point for T), and conversely. 


Solution by the Proposer.t If T is chosen as the reference tetrahedron, with 
a, b, c, a’, b’, c’, (A), (B), (C), (D) denoting respectively the lengths of the edges 
BC, CA, AB, DA, DB, DC and the areas of the faces BCD, CDA, DAB, ABC, 
then the equation in normal coérdinates of the circumsphere of T is given by* 


S(x, y, 2, = c?(A)(B)xy + b2(A)(C) xz + a’2(A)(D) xt 
+ a?(B)(C) yz + b'°(B)(D) yt + c’2(C)(D)zt = 0. 
If the point L has coérdinates (x1, 41, 21, #1), the conditions imposed are: 
S(— 21, = S(41, — 21, = S( x1, 1, 
= S(x1, y1, 21, = 0. 
From the above we conclude that 
c'2(C)(D) ziti — = 0 
a’'?(A)(D) — a*(B)(C) = 0 
b’°(B)(D) yiti — b°(A)(C) = 
Eliminating x1, we find b’c’*(C)?2i =b’%c2(B)y?, or, assuming x1, 21, are all 
positive, bc’(C)z:=b’c(B)y1. If Ra, Ro, R., Ra are the radii of the circumcircles 
of the faces BCD, CDA, DAB, ABC, we have (B) =a’bc’/4R,, (C) =a'b’c/4R.. 


From these and similar calculations we conclude that to within a factor of pro- 
portionality (homogeneous coérdinates) 


L(x, Yi, 21; th) Ro, Re Ra). 


L is called the second Lemoine point for T. 
Conversely, the lines AL, BL, CL, DL meet the circumsphere of T again in 
the points A’(—R,, R., Ra), B’(Re, —Rs, Ra), C'(Ra, Ro, —R., Ra), 


¢ Translated by W. E. Byrne, Virginia Military Institute. 
* Niewenglowski, Cours de Géométrie Analytigue, t. III, 2nd ed., p. 109. 
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D'(Ra, Rs, Re, —Ra). This is easily proved by forming linear combinations of the 
coérdinates of A and L, Band L, - - - , and substituting them into S(x, y, 2, t) =0. 

If Ai, Bi, Ci, D, designate the points of intersection of AL and face BCD, 
BL and face CDA, CL and face DAB, DL and face ABC, respectively, we find 
that L and A’ are harmonic conjugates with respect to A and Au, etc. This fol- 
lows immediately if we express the coérdinates of A’ and L as linear combina- 


tions of those of A(R,, 0, 0, 0) and Ai(0, Rs, R., Ra). 


The two tetrahedrons ABCD and A’B’C’D’ have the same second Lemoine 
point. The line AA’ meets the plane B’C’D’ in Aj(3Ra, Rs, R., Ra). We have only 
to express the coérdinates of ZL and A as linear combinations of those of A’ and 
A; to verify the above statement. 


Further Property of the Second Lemoine Point 
4224 [1946, 537]. Proposed by Victor Thébault, Tennie, Sarthe, France 


In a tetrahedron ABCD; (1) The right cones with vertices at the orthogonal 
projections of the second Lemoine point L on the axes of the circumcircles of the 
faces and with these circles as bases have the same base angle V (Brocard angle). 
(2) The symmedians AL, BL, CL, DL meet the circumsphere in the vertices of 
the tetrahedron A’B’C’D’ having the Brocard angle V and the same Lemoine 
point L as ABCD. 

Dedicated to N. A. Court. 


Solution by R. Bouvaist, Vincelles, Saéne-et-Loire, France.* [As the solution 
of problem 4218 by the proposer, given above, contains some of the results sub- 
mitted by R. Bouvaist, only that part of the solution not involving a repetition 
is given here. The same notation is used as in the solution of 4218. | 

Let O, be the circumcenter of the face BCD of the tetrahedron T=ABCD 
and L, be the orthogonal projection of the second point of Lemoine L of T on the 
axis of the circumcircle (Og, Ra) of BCD. If V is the base angle of the cone of 
revolution L.(BCD), we have 


LO. = R, tan V. 
Hence, the normal coérdinates of L may be written as 
(1) = = 2/R. = t/Ra = tan V. 
The circles BCD, B’C’D’ are two antiparallel sections of the cone L(BCD). 


If R, and RZ are the radii of these circles and 6 and 6’ the distances from L to 
their planes we have 


5/R, = 8'/Ra = tan V. 
By (1) the two tetrahedrons T, T’=A’B’C'D’ have the same Brocard angle V. 
It may be noted that the two tetrahedrons T, T’ have the following proper- 
ties: 
1). The point L has the same polar plane with respect to T, T’ and the com- 


* Translated by W. E. Byrne, Virginia Military Institute. 
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mon circumsphere of these tetrahedrons.* 

2). There exists a quadric (Q) tangent to the faces of T at A1, Bi, Ci, D; and 
tangent to the faces of T’ at Ai’, By’, Cy’, Dy’.t 

3). Ina given sphere there may be inscribed an infinity of tetrahedrons with 
a given second Lemoine point L and a given Brocard angle V. The envelope of 
the faces of these tetrahedrons is an ellipsoid of revolution of axis OL.f 


A Property of the Equilateral Hyperbola 
4274 [1947, 550]. Proposed by R. Bouvaist, Vincelles, Saéne-et-Loire, France 


Let A, B, C, D be arbitrary points on an equilateral hyperbola (H), and let 
A’, B’, C’, D’ be the corresponding diametrically opposite points. (1) The 
isogonal conjugates of A’, B’, C’, D’ with respect to the triangles BCD, CDA, 
DAB, ABC, respectively, coincide in the same point P. (2) The isogonal con- 
jugates of A, B, C, D with respect to the triangles B’C’D’, C’D’A’, D’A’B’, 
A’B’'C’, respectively, coincide in the same point P’. (3) P and P’ are dia- 
metrically opposite on (#2). 


Solution by Roscoe Woods, State University of Iowa. By a familiar property of 
the equilateral hyperbola, if A, B, R are three points on (H), and A’ and B’ are 
diametrically opposite A, B, respectively, then angle ARB and angle B’RA’ are 
equal. It is thus easily seen that, in the present problem, the lines isogonally con- 
jugate to DA’, DB’, DC’ with respect to the corresponding line pairs DB, DC; 
DA, DC; DA, DB coincide. Call this line Ly. Similarly through A, B, C there 
are lines Li, L2, L3, respectively. Denote the point isogonally conjugate to D’ 
with respect to the triangle ABC by P. Then the lines Z;, L2, Ls meet in P. Also 
the point isogonally conjugate to C’ with respect to the triangle ABD is the 
same point P since it is determined by the intersection of the lines Z;, Lz, L4; and 
similarly for the points A’ and B’. This establishes (1). 

Part (2) follows by symmetry since the entire configuration is merely re- 
flected in the center O of (H). In regard to (3), although P and P’ are symmetric 
with respect to O, they do not in general lie on (H). In fact, if A, B, C are held 
fixed, the locus of P for variable D’ on (#/) is a line Z through the circumcenter of 
triangle ABC. (See Casey, A Treatise on Analytic Geometry of the Point, Line, 
and Circle, 2nd Ed., 1893, pp. 290, 291.) As D’ runs over (H), P traces L. Since 
L cuts (H#) at most twice, it happens only twice that P and P’ fall on (A). 

Also solved by Ou Li, and the Proposer. 


Function with Prescribed Values on a Given Point Set 


4275 [1947, 601]. Proposed by Raymond Redheffer, Massachusetts Institute 
of Technology, Cambridge 


Let a; represent any set of points in the complex plane, with sole limit point 
at infinity, while 6; are any complex numbers. Prove there exists an integral 
function f(z) such that f(a;) =);. 


* V. Thébault, This MonTHLY, Problem 4223 [1948, 169]. 
¢ R. Bouvaist, Mathesis, t. LV, pp. 352-356. 
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Solution by Fritz Herzog, Michigan State College, Lansing. By Weierstrass’ 
factor-theorem, assuming the a; are distinct, there exists an integral function 
g(z) which has a simple zero at each a;. Consequently, g’(a;) #0 for all 7. By 
Mittag-Leffler’s partial-fractions-theorem, there exists a meromorphic function 
h(z) which has at each a; a simple pole with the residue 5;/g’(a;) and is regular 
otherwise. (In case b; vanishes, h(z) is to be regular at a;.) The function f(z) 
=g(z)-h(z) is then an integral function for which f(a;) =); for all 7. 

Also solved by R. P. Boas, Jr., Hwang Cheng-Chung, P. Franklin, Edgar 


Reich, Helene Reschovsky, W. Seidel, O. Szasz, and Albert Wilansky. 


Editorial Note. The theorem seems to be well known. Several references were 
given by solvers: K. Knopp, Theory of Functions, I1, §3, ex. 3, and §5, ex. 4; 
Bieberbach, Lehrbuch der Functiontheorte, v. 1, (1923), pp. 290, 291; A. Pring- 
sheim, Vorlesungen tiber Zahlen- und Funktionenlehre, 11, 2 (1932), pp. 693-696; 
Riesz, Les systems d’ equations bineatres a un infinité des inconnus (in connection 
with the discussion of Poincare’s paradox); J. M. Whittaker, Jnterpolatory Func- 
tion Theory, 1935, pp. 2, 3. A generalization in which the orders of the zeros are 
arbitrarily prescribed was given by Germay, Bulletin de la Société Royale des 
Sciences de Liége 14, 1945, pp. 476-478 (See Mathematical Reviews, v. 8, p. 
508.) 


Summation, Binomial Coefficients 
4276 [1947, 6011. Proposed by P. A. Pizé, San Juan, P. R. 
Let the integers ,K, be defined by the relations 
aK 0, m > nN; nt+1Ke c(nKe + c> 1. 
Prove the following summations: 


j=1 
B ‘= ). 
(B) 


Solution by M. S. Klamkin, Brooklyn Polytechnic Institute, Brooklyn, N. Y. 
On the assumption that (A) is true, we have 


j n+1 


j=2 
n x x n+1 x 
jm? j n+1 j=l j 
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Since (A) is evidently true when n = 1, it is true for all by induction. 
(B) follows immediately from (A) by use of the familiar relation 


Thus 
z—1 zl n a n x 
a=1 a=1 j=1 j=1 a=1\ J j=1 +1 


Solved also by H. W. Becker, Joseph Bram, E. T. Frankel, B. G. Lang, 
Yu-shu Luan, and Helene Reschovsky. 

Frankel points out that (A) and (B) are special cases of general formulas in 
the calculus of finite differences which express the general term and the sum of a 
given number of terms of a rational integral function by means of its leading 
differences and binomial coefficients. (See Whittaker and Robinson, The Cal- 
culus of Observations, London, 1924, p. 7.) The integers ,Ki, »Ke, +++, nK, are 
the leading differences of the nth powers of the natural numbers 0”, 1”, 2, - - - 

In consequence, as noted by Yu-shu Luan, we have the following explicit ex- 
pression for ,K,., 


K.=> 


j=l 


RECENT PUBLICATIONS 
EpITEp By H. P. Evans, University of Wisconsin 


All books for review should be sent directly to the editor of this department, American 
Mathematical Monthly, 531 West 116th Street, New York 27, N. Y., and not to any of the 
other editors or officers of the Association. 


Theory of Equations. By J. V. Uspensky. New York, McGraw-Hill Book Com- 
pany, Inc., 1948. 7+353 pages. $4.50. 


When a new textbook in elementary mathematics is received, the recipient 
immediately wonders why the author has troubled himself with the task and 
whether he has actually contributed anything essentially different from the 
numerous texts already on the market. This book states in the preface that the 
book was written as “a textbook to be used in the standard American univer- 
sity and college courses devoted to the theory of equations. As such it is ele- 
mentary in character and, with few exceptions, contains only material ordinarily 
included in texts of this kind. But the presentation is made so explicit that the 
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book can be studied by students without a teacher’s help.” The reviewer has 
tried to examine the book to find how well the above stated intention has been 
carried out. 

Throughout, the author has been at great pains to make the exposition de- 
tailed, clear, and explicit. This copiousness of explanation accounts for the large 
size of the book, which is almost twice the length of the usual textbook on the 
theory of equations, although, for the most part, it contains only the topics 

‘ordinarily treated in such a book. Numerous illustrative problems are worked 
out at great length, with full explanation of each step. The lists of exercises are 
well selected, consisting of both drill problems and problems requiring some 
mathematical ingenuity. The number of exercises is more than sufficient to 
keep the most industrious student busy. In the opinion of this reviewer, the 
author has accomplished his aim of writing a book which can be studied suc- 
cessfully by the student of average ability without the aid of a teacher. 

In chapter I complex numbers are defined as ordered pairs of real numbers, 
with suitable definitions of equality and the rational operations. From this be- 
ginning the usual properties of complex numbers are developed, including a dis- 
cussion of binomial equations and the roots of unity. The construction of regular 
polygons is discussed as an application of the roots of unity, although the prob- 
lem of ruler and compass constructions in general is not considered anywhere in 
the book. Reciprocal equations are discussed only in connection with an illus- 
trative example. This chapter is particularly well done. 

The next four chapters are concerned with the usual general theorems on 
polynomials in one variable and algebraic equations, the determination of 
rational roots, and the solution in radicals of the cubic and biquadratic equa- 
tions. 

Chapters VI, VII, and VIII take up the isolation of roots and their approxi- 
mate evaluation. Rolle’s theorem is proved for polynomials and its usefulness 
is emphasized by many illustrative problems and exercises. A general method of 
isolation of roots is based on a theorem of Vincent. An entire chapter is devoted 
to Sturm’s theorem. Horner’s method is given with the process of contraction, 
whereby additional decimal places can be obtained without too much labor. 
Newton’s method is exhibited as a special case of the method of iteration. Both 
in Horner’s method with contraction and Newton’s method, a complete discus- 
sion of the limit of error in the final approximation is given. Much emphasis 
is placed on systematic numerical computation and the use of labor-saving de- 
vices. For this reason, the computation is carried out with complete detail in 
the illustrative problems. 

The next chapter is devoted to determinants and the more elementary 
theorems of matric algebra. Determinants are defined by means of three general 
descriptive properties, rather than by the constructive definition used in most 
textbooks in the theory of equations. The author points out certain advantages 
in this definition, but fails to note certain disadvantages, which this reviewer be- 
lieves might cause considerable trouble to the average college junior. 
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The last three chapters are devoted to the usual treatment of the theory and 
solution of systems of linear equations, the application of determinants to geom- 
etry, symmetric functions, and elimination. 

The appendix contains a proof of the Fundamental Theorem of Algebra, a 
proof of the theorem of Vincent mentioned above, a section on equations whose 
roots have negative real part, a section on the frequency equation, and finally 
a discussion of Graeffe’s root-squaring method. The proof of the Fundamental 
Theorem of Algebra is the fourth proof by Gauss, and is based on geometric 
intuition. 

The format and typography are pleasing, the type easily read, and mathe- 
matical formulas are well displayed. The book seems to be singularly free from 
misprints and errors. In fact, the reviewer found in his somewhat brief perusal 
only one error, a slip in the definition of 6(x) in the illustrative problem on p. 171. 
The statements of the theorems are not prominently displayed; in some in- 
stances, they are not even italicized. This detracts from the value of the book 
for reference purposes, as one must read unnecessary material in order to find 
the statement of a theorem. 

This is an excellent text for students who are studying the theory of equa- 
tions as a tool subject. The reviewer feels, however, that students who intend to 
specialize in pure mathematics should be introduced to more of the concepts of 
modern algebra than are treated in this book. 

L. E. 


The Theory of Mathematical Machines. Revised Edition. By F. J. Murray, New 
York, King’s Crown Press, 1948. 9+ 139 pages. $3.00. 


For several years Professor Murray has been interested in computing instru- 
ments, and in fact he designed an electrical linear equation solver, which was 
recently built and placed in operation. His interest in the subject has also led 
him to teach a course at Columbia University on the subject of mathematical 
instruments. The present book is an outgrowth both of his lectures and of his 
continuing interest in the subject. It is a revision of the first edition of the work 
and contains not only an expansion of the previous text but also several new 
chapters. 

The subject of computing instruments became one of considerable im- 
portance during the last war, and quite vigorous efforts went into the develop- 
ment of new and improved machines. Since interest in this field has been 
steadily increasing we are fortunate indeed in having available this new edition 
of Professor Murray’s book. He has seen fit to start collecting into a connected 
text, intended for the mathematical reader interested in physical apparatus, an 
account of the mathematical and engineering considerations entering into some 
types of computing instruments. 

In the previous edition Professor Murray concentrated his attention mainly 
on the so-called analogy or measurement types of machines and discussed in 
detail some of the basic problems encountered in their design. In the present 
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edition he has added new chapters on “Electronic Digital Computers” and on 
“Noise, Accuracy, and Stability,” and thus has striven to keep his book abreast 
of the times. He has also expanded Parts I and II of the book. 

In over-all plan the book is somewhat arbitrarily divided into four major 
parts: digital machines, continuous operators, the solution of problems, and 
mathematical instruments. 

Part I, which is quite short, is devoted mainly to a discussion of the basic 
principles underlying mechanical and electro-mechanical counters, adders and 
multipliers, and is concluded by a chapter on the punch card machines. 

Part II, which is considerably longer than Part I, deals with the analogy or 
measurement counterparts of the devices considered in the first part. Professor 
Murray gives in a succinct manner a complete and careful analysis of a number of 
methods for adding, multiplying, and integrating by analogy means. His ex- 
amples are well-chosen and exemplify not only mechanical but also electrical 
devices. His discussions of electrical apparatus are carefully written to make 
them understandable to those not well-versed in modern electrical techniques. 
In fact, he devotes a chapter to the subject of amplifiers, which play a funda- 
mental role in most analogy computers. This part closes with an interesting 
account of methods for “remembering” in a mechanism a function of a single 
variable. 

Part III is devoted to integrating together the background material of the 
two previous parts so that here the reader is shown how one can combine the 
various components, previously analyzed, to effect the solution of problems. 
The author considers not only analogy machines but also gives an account of 
some aspects of the newer digital instruments so that the reader can get an over- 
all picture of the field of modern mathematical instruments. 

Part IV, the concluding quarter of the book, is concerned mainly with a 
number of simple yet highly important instruments such as planimeters, 
integrometers, integraphs, and harmonic analyzers. 

The various augmentations in the present edition of Professor Murray’s 
book have considerably enhanced its value and the reviewer is pleased to com- 
mend the book to the mathematical reader’s attention. The reviewer would 
especially like to call attention to the excellent typography done by the King’s 
Crown Press and to the clear illustrations in the text. 

H. H. GOLDSTINE 


Introduction to the Differential Equations of Physics. By L. Hopf. Translated by 
Walter Nef. New York, Dover Publications, 1948. 5+154 pages. $1.95. 


The principal objective of this concise little book is to acquaint the reader, 
having a knowledge of the calculus, with the differential equations describing 
the more important theories of classical physics, such as, the potential, the 
propagation of waves, the flow of heat and fluid, and the field theory for electro- 
dynamics, etc. 

The requisite vector concepts such as gradient, divergence, and curl are 
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carefully treated and in such a manner as to make evident their physical inter- 
pretation. 

The attractiveness of the book lies in the skillful manner in which the author 
blends elementary physical intuition with heuristic mathematics and, within 
these limitations, gives precise derivations of the differential equation forms of 
the physical theories. A harmonious balance between the physical and mathe- 
matical treatment of the considered phenomena is achieved. However, the re- 
viewer believes that a slight amplification of the nature of the physical process 
would be of great interest to the reader. 

In the concluding chapters the author deals briefly with some of the standard 
mathematical methods used for solving the derived differential equations, for 
instance: power series solutions of ordinary differential equations, separating of 
variables, characteristic values and functions, Fourier series and integrals, the 
fundamental solutions of the potential and heat equations, etc. 

This book is ideal for the young prospective physicist who desires a glimpse 
of the fields awaiting him in classical physics, and, for the more advanced stu- 
dent who wants a compact compilation of the differential equations relating to 
the mentioned physical theories. 

O. G. OWENS 


Mathematical Table Makers. (Portraits, Paintings, Busts, Monuments, Bio- 
Bibliographical Notes). By R. C. Archibald. New York, Scripta Mathematica, 
1948. 82 pages. $2.00. 


This book is a “revised, rearranged, and somewhat extended reprint of two 
articles appearing in Scripta Mathematica in 1946, together with three additional 
sketches and portraits.” A selection of 53 Mathematical Table Makers is pre- 
sented. For each individual there is included a few biographical notes, a list of 
references to photographs, efc., selected references to biographical information, 
and a list of his published tables. The bibliographies appear to be unusually 
complete, attesting to the author’s extensive knowledge of mathematical litera- 
ture. This book would be indispensable to anyone interested in collecting por- 
traits or biographical data of Table Makers. Also the wealth of bibliographical 
references should be useful for many purposes, particularly for seeking the 
original sources of various tables. The reviewer noted a slight lacuna in the 
Introduction: frequent reference is made to POGGENDORFF, but a description 
of this particular source is lacking. 

H. D. LARSEN 


Plane Geometry. By D. T. Sigley and W. T. Stratton. New York, Dryden Press, 
1948. 124242 pages. $2.25. 


According to the authors, this text is for the more mature student, and for 
those students who have a “working knowledge of measurements and informal 
geometry.” To many teachers of plane geometry a first glance at the book may 
be startling, since many theorems are given without the proofs which are left as 
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exercises for the student, or to be supplied by the instructor. The reviewer’s ex- 
perience indicates that most of these proofs will have to be supplied by the 
instructor. 

The organization of the material deviates somewhat from that of most 
texts. For example, similar triangles are discussed from the standpoint of 
parallel lines, which is a departure from the usual procedure found in most books. 
Similar triangles are also discussed in a chapter headed “Special Triangles.” A 


‘strong point of the book is its development of an adequate mathematical vocabu- 


lary, which should be of benefit to students in their later study of college mathe- 
matics. 

Other features found in the book are: a few famous theorems in plane 
geometry not given in most texts; a very good appendix where a table of 
mensuration formulas is given; a list of examination questions; and many chal- 
lenging problems at various places throughout the text. In the reviewer’s opinion 
this book would be best suited to the needs of mature students who have 


somewhat more than average mathematical ability. 
O. J. MELBY 


NEW BOOKS RECEIVED 


Analytic Geometry. Revised Edition. By C. H. Sisam. New York, Henry Holt 
and Co., 1949. 16+304 pages. $2.40. 

College Algebra. By E. A. Cameron and E. T. Browne, New York, Henry 
Holt and Co., 1949. 10+406 pages. $3.00. 

Inside the Campus. By C. E. McAllister. New York, Revell, 1948. 248+ 102 
pages. $5.00. 


CLUBS AND ALLIED ACTIVITIES 
EpITED By L, F. OLLMANN, Hofstra College 


Send reports of all activities, such as club reports, special features, lopics with references, 
student papers, and other material of interest to L. F. Ollmann, Hofstra College, Hempstead, 
New York. 


EpitTor’s NotE—A letter asking for a record of club activities for 1947-48 has been sent to the 
sponsors of the various mathematical clubs and societies. In writing the report, please follow the 
style as printed in this MONTHLY. They will be published in the chronological order in which they 
are received, 


CLUB REPORTS, 1947-48 
Mathematics Club, Lafayette College 
The Hall Mathematics Club of Lafayette College, inactive during the war, 
was reorganized for the year 1947-1948. Papers given during the year included: 
Nine-point circle, by Prof. W. M. Smith 
Direction numbers in plane analytic geometry and calculus, by Prof. J. C. 
Smith 
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Algebra vectors, by Mr. J. A. Rohrer. 

At the last two meetings topics from Classroom Notes taken from the 
MONTHLY were presented by various students, the last meeting being conducted 
exclusively by new mathematics majors. 

A mathematics prize examination was given to sophomore students. Prizes 
of $75, $50, and $25 were awarded to the three best Liberal Arts students and 
similar prizes to the three best Engineering students. The winners were: 

Liberal Arts: D. McIntyre, R. P. Barnes, and G. Veronis. 

Engineers: R. A. Kudlich, J. H. Richmond, and G. W. Hoffman. 


Kappa Mu Epsilon, Texas Technological College 


The Texas Alpha chapter of Kappa Mu Epsilon held regular monthly meet- 
ings during 1947-48. Among the interesting programs presented by faculty 
members and students were: 

The application of mathematics to radar, by Prof. B. E. Bennett of the Elec- 
trical Engineering staff 

Applications of calculus to engineering, with emphasis on some unique meth- 
ods of integration, by William L. Adair. 

The outstanding meeting of the year was the initiation banquet and pro- 
gram at which time sixty-five new members were taken into the chapter. 

The officers for 1948-49 are: President, William L. Adair; Vice-President, 
Ken Hancock; Secretary, Kathryn Witty; Treasurer, Allen R. Orr; Sponsor, Dr. 
Emmett Hazelwood; Corresponding Secretary, Mrs. Annie N. Rowland. 


Pi Mu Epsilon, University of Illinois 


The Illinois Alpha chapter of Pi Mu Epsilon held five open meetings during 
the academic year 1947-48. The following papers were presented: 

Poisson distribution, by Prof. A. G. Carlton 

High speed electronic calculators, by Prof. P. W. Ketchum 

Inequalities of higher degree, by Dr. B. E. Meserve 

Electromagnetic wave propagation in a stratified atmosphere, by Mr. B. E. 
Howard 

Problems from the theory of elastic stability, by Dr. E. J. Scott. 

At the annual initiation banquet seventy-nine new members were initiated. 
Prof. Leon Brillouin of Harvard University spoke on Waves and electrons travel- 
ing together. Mr. P. F. Conrad received the annual $25 Pi Mu Epsilon award for 
oustanding scholarship in mathematics while an undergraduate. 

Officers for 1948-1949 are: President, William Orton; Vice-President, 
Evelyn Lind; Secretary, Charlene Sprankel; Treasurer, Leland Scott; Faculty 
Adviser, Prof. E. D. Pepper. 


Pi Mu Epsilon, University of Nebraska 


Eight meetings were held by the Nebraska Alpha chapter of Pi Mu Epsilon 
during 1947-48. The following talks were presented: 
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The algebra of functions, by Dr. Wm. G. Leavitt 

Topologies of parallelotopes, by Dr. Edwin Halfar 

Generating functions in probability, by Prof. Jorgensen 

Elementary matrices, by Mr. Maurice Lamoree 

Discussion of permutations, by Mr. D. M. Mesner. 

The annual Freshman and Sophomore competitions were won by Mr. R. 
E. Kleppinger and Mr. E. C. Luschei. Seventy-six new members were initiated 
into the chapter. 

Officers elected for the current year are: President, Marlin Kroger; Vice- 
President, William Bade; Secretary, J. Denny Cochran; Treasurer, Frederick 
Pelton; Faculty Adviser, Dr. W. G. Leavitt. 


Mathematics Club, Purdue University 


Topics discussed at the monthly meetings of the Purdue Mathematics Club 
were: 

The development of the number system, by Prof. G. H. Graves 

The irrationality of pi, by Mr. K. J. Hammerle 

Magic squares, by Dan Overlade 

Trisecting the angle, by R. R. Kenyon 

Significant figures, by Prof. Carl Holtom. 

At each meeting problems of interest to the membership were proposed and 
discussed. 

Officers for 1947-48 were: President, A. F. Sterling; Secretary, F. VanNess; 
Program Chairman, W. F. Haldeman. 


Mathematics Club, New York University 


The activities of the Mathematics Club of New York University included 
several regular meetings, at which the following talks were given: 

Stellar distances and their measurement, by Dean P. H. Graham 

The role of the scientist today, by Prof. D. Jan Struik of Massachusetts Insti- 
tute of Technology 

Mechanical computing machines, by Dr. Alfred Leitner 

Mathematics and symbolism, by Joseph Alper 

Topology, by Prof. Leo Zippin of Queens College 

Mathematics in radar, by William Sollfrey 

Mathematical theory of binocular vision, by Dr. J. B. Keller. 

Social hours were held in connection with four of the lectures. 

The organization’s annual publication, Math X contained analysis, surface 
geometry, classes, mathematics of investment, and other topics of general 
interest. 

The tutoring group was active and supplied considerable help to those 
students who requested it. 

Newly elected officers for 1948-49 are: President, Stefan Mengelberg; Vice- 
President, Israel Teitelbaum; Secretary, Elaine Weiss; Treasurer, Dan Fondiller. 
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Kappa Mu Epsilon, Southern Methodist University 


The following papers were presented to the Texas Beta chapter of Kappa 
Mu Epsilon: 

Hyper-spacial tit-tat-toe, by Grace Mitchell 

Concepts of infinity, by Joseph Rice 

A definition of \/—1, by Gene Archer. 

The discussion of the paper by Miss Mitchell, was based upon mathematical 
considerations (assumption of coordinates for the squares and proof of a winner 
by showing that the points lie on a line, etc.) Miss Mitchell ended the discussion 
by staging a “game” of three-dimensional and then one of four-dimensional tit- 
tat-toe, enlisting the participation by the audience. 


NEWS AND NOTICES 
EpITtED By EpitH R. SCHNECKENBURGER, University of Buffalo 


Readers are invited to contribute to the general interest of this department by sending 
news items to Edith R. Schneckenburger, University of Buffalo, Buffalo 14, New York. Items 
must be submitted at least two months before publication can take place. 


SUMMER COURSES 


The following institutions announce advanced courses in mathematics for the 
summer of 1949: 

Catholic University of America. June 22 to August 6: Professor Finan, funda- 
mentals of mathematics; Professor Ramler, advanced Euclidean geometry, 
analytic projective geometry; Professor Rice, solid analytic geometry; Mr. 
Markowitz, differential equations, mathematical astronomy; Mr. Moller, 
theory of equations; Mr. Slud, partial differential equations of mathematical 
physics. 

Columbia University. July 5 to August 12: Professor Kolchin, introduction 
to higher algebra; Professor Kasner, survey of mathematics; Professor Levi, 
foundations of projective geometry; Professor Ritt, theory of functions of a real 
variable; Professor Strodt, existence theorems; Professor Federer, measure and 
area; Professor Kasner, geometric transformations; Professor Thrall, theory of 
group representations. 

Duke University. June 13 to July 21: Professor Carlitz, theory of numbers, 
thesis seminar; Professor Rankin, teaching of mathematics; Professor Roberts, 
solid analytic geometry; Professor Thomas, plane geometry and trigonometry 
from the advanced standpoint. July 22 to August 31: Professor Dressel, prob- 
ability; Professor Gergen, infinite series. 
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Indiana University. June 17 to August 12: Dr. Hlavaty, seminar in founda- 
tions of geometry; Dr. Whaples, algebra and elementary number theory; Staff, 
mathematical reading and research. 

Northwestern University. June 27 to August 27. Differential equations; funda- 
mental concepts of analysis; definite integrals; theory of equations; theory of 
statistics; algebra of matrices and quadratic forms; introduction to the theory 


of numbers; geometry for teachers; the history and teaching of mathematics; 


independent study; functions of a complex variable; topics in linear operations; 
introduction to the theory of groups; independent study; engineering mathe- 
matics I; engineering mathematics III; the teaching of mathematics in the 
secondary school; mathematics in the upper grade; implications of recent 
studies for the teaching of mathematics; multi-sensory aids in the teaching of 
mathematics. 

Ohio State University. June 20 to September 2: Professor Mann, theory of 
fields; Professor Helsel, introduction to the theory of functions of a complex 
variable, advanced geometry; Dr. Rechard, infinite series and products, ad- 
vanced calculus. 

Oklahoma Agricultural and Mechanical College. June 4 to August 2: Professor 
Allen, advanced calculus I, vector calculus; Professor Barnett, astronomy; 
Professor Caskey, analytic geometry of three dimensions; Professor Diamond, 
geometrical introduction to function theory; Professor Dresden, foundations of 
algebra and geometry (July 1 to July 31); Professor Hamilton, Hilbert space 
theory, advanced calculus II; Professor Morrison, differential equations; Pro- 
fessor Robison, mathematics of finance; Professor Scholz, partial differential 
equations, introduction to higher algebra; Professor Smith, analytic projective 
geometry; Professor Walsh, topics in the theory of functions (June 15 to July 
15); Professor Zant, history of mathematics, the teaching of high school mathe- 
matics; Staff, research and thesis. 

University of California at Berkeley. June 20 to July 30: Professor Ahlfors, 
conformal invariants; Professor Hurewicz, topological methods in the theory of 
differential equations; Professor Neyman, consistent estimates; Professor Leh- 
mann, the theory of testing hypotheses; Professor Wishart, design of experi- 
ments, seminar in advanced design of experiments; Professor Loéve, limit prob- 
ability laws; Professor Lewy, difference equations and related mathematical 
tools of probabilistic research. 

University of California at Los Angeles. June 20 to August 12: Professor 
Brauer, introduction to higher algebra, theory of rings; Professor Green, intro- 
ductions to Fourier analysis, functions of a complex variable; Professor Hoel, 
probability; Professor Martin, analytic functions of several variables; Professor 
Sorgenfrey, advanced calculus. 

University of Colorado. June 20 to July 25 and July 26 to August 26: Professor 
Kline, integral equations; Mr. Hunt, elementary differential equations; Pro- 
fessor Hutchinson, functions of a complex variable; Professor Jones, theory 
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of matrices; Professor Stahl, teaching of mathematics; Dr. Leveque, theory of 
equations; Professor Britton, vector analysis. 

University of Kansas. June 10 to August 6. Professor Bell, tensor and vector 
calculus, differential equations; Dr. Herstein, differential equations; Professor 
Schatten, higher algebra; Professor Smith, modern synthetic geometry, partial 
differential equations; Professor Ulmer, advanced algebra, history of mathe- 
matics. 

University of Kentucky. June 20 to August 13: Professor Downing, vector 
analysis, differential geometry; Professor Pence, solid analytic geometry, in- 
troduction to higher geometry; Professor Pulliam, vector analysis, functions of 
a complex variable; Professor South, mathematical statistics, solid analytic 
geometry. 

University of Maryland. June 27 to August 5: Professor Brigham, number 
theory; Professor Good, theory of equations; Professor Jackson, higher geometry 

University of Mississippi. June 1 to July 11: Professor Trott, modern algebra, 
vector analysis; Professor Bickerstaff, mathematical theory of statistics; Pro- 
fessor Miller, non-Euclidean geometry, history of mathematics; elementary 
differential equations; real variables. July 13 to August 20: Professor Trott, 
modern algebra, matrices; Professor Bickerstaff, mathematical theory of sta- 
tistics; Professor Miller, advanced geometry, fundamental concepts of algebra 
and geometry; intermediate differential equations, complex variables. 

University of Missouri. June 9 to August 3: Professor Betz, advanced calcu- 
lus, differential equations; Professor Blumenthal, distance geometry; Professor 
Burcham, theory of infinite series and summability; Professor Utz, theory of 
equations. 

University of Oregon. June 21 to August 12: Professors Morsund and Niven, 
selected topics (pure mathematics); Professor Civin, Fourier series; Professor 
Massey, selected topics (applied mathematics), statistics; Professor Ghent, 
algebra and geometry (for high school teachers). 

University of South Carolina. June 15 to August 17: Professor Hedberg, 
theory of equations; Professor Novak, college geometry, synthetic projective 
geometry; Professor Williams, theory of functions of a complex variable. 

University of Virginia. June 27 to August 20: Professor Botts, advanced 
calculus, applied mathematics; Professor Floyd, advanced analysis; Professor 
Hoyle, differential equations, applied mathematics; Professor Whyburn, trans- 
formation theory. 

University of Wisconsin. June 27 to August 19: Professor Sokolnikoff, higher 
mathematics for engineers; Professor Bing, higher mathematics for engineers, 
projective geometry; Professor Young, advanced calculus, partial differential 
equations; Professor MacDuffee, survey of the foundations of algebra, theory of 
numbers and Diophantine equations; Professor Colvin, mathematical applica- 
tions; Professor Langer, harmonic analysis; Staff, determinants and matrices, 
Laplace transforms. 

University of Wyoming. June 13 to July 15: vector analysis; advanced calcu- 
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lus; ordinary differential equations; projective geometry; history of mathe- 
matics; methods of teaching secondary mathematics. July 18 to August 19: 
theory of equations; partial differential equations; college geometry; funda- 
mental concepts of mathematics; curve fitting; abstract algebra. 


PERSONAL ITEMS 


Professor C. O. Oakley of Haverford College was the delegate of the Mathe- 
matical Association to the Fifty-third Annual Meeting of the American Academy 
of Political Social Science which was held at Philadelphia on April 8-9, 1949. 

Professor A. C. Schaeffer of Purdue University and Professor D. C. Spencer 
of Stanford University have been awarded jointly the Bécher prize for analysis 
by the American Mathematical Society. 

The French Academy of Sciences has announced the following awards in 
mathematics for 1948: Poncelet Prize to Georges Valiron of the University of 
Paris; Carriére Prize to P. J. Dubreil of the University of Paris; Dickson Prize 
to Julien Kravtchenko of the University of Grenoble; Grand Prize to Henri 
Millous of the University of Bordeaux; Albert I. de Monaco Prize to Jacques 
Hadamard of the College of France and Polytechnic School; Laplace Prize to 
Francois Morin of the Polytechnic School; Becquerel Foundation Prize to 
André Bloch of the Polytechnic School. 

Oklahoma Agricultural and Mechanical College announces: Professor Arnold 
Dresden of Swarthmore College and Professor J. L. Walsh of Harvard Univer- 
sity have been appointed Visiting Professors for the Summer Session, 1949. Pro- 
fessor J. H. Zant, assistant head of the Department of Mathematics, is serving 
as a member of the General Council of the American Society of Engineering 
Education as representative of the Mathematics Division, as Secretary of the 
Mathematics Division of A.S.E.E., and as a member of the Board of Directors 
of the National Council of Teachers of Mathematics. 

At Purdue University, Miss Mary Robbins has been appointed to an in- 
structorship and Assistant Professor W. P. Reid has resigned. 

Stanford University reports that a Conference on Non-Linear Mechanics was 
held on November 8-12, 1948. Talks were given by Richard Bellman, R. Bishop, 
S. P. Diliberto, Alfred Horn, J. LaSalle, Solomon Lefschetz, N. Minorsky, 
Balth. van der Pol, H. Schaffner, D. C. Spencer, Eleanor Yost. 

University of California at Berkeley announces the following appointments 
for Spring, 1949: Professor Lamberto Cesari of Bologna University as visiting 
professor, Wanda Szmielew and Ting-Kwan Pan as lecturers in mathematics. 

The University of Virginia announces: Dr. E. E. Floyd, now Fine instructor 
at Princeton University, has been appointed to an assistant professorship; Mr. 
V. L. Klee, Jr., Atomic Energy Commission Fellow at the University of Virginia, 
has been appointed to an assistant professorship; Acting Assistant Professor 
Truman Botts has been appointed Assistant Professor; Assistant Professor R. H. 
Bing of the University of Wisconsin will be Acting Professor for the 1949-50 
session; Professor E. J. McShane will be on leave for the 1949-50 session. 
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The University of Wisconsin makes the following announcements: Professor 
H. W. March is on leave of absence during the second semester of 1948-49; Pro- 
fessor R. E. Langer, chairman of the Department of Mathematics, has been 
elected President of the Mathematical Association of America. 

Professor K. Ananda-Rau of Presidency College, Madras, India, has retired. 

Mr. L. F. Boron of the University of Illinois has been appointed to an in- 
structorship at the University of Maine. 

Mr. R. W. Butcher, Queens View, Kingston, Ontario, has been appointed 
Lecturer in Actuarial Science at the University of Manitoba. 

Mr. G. M. Dillon, formerly instructor at Long Island University, is now a 
member of the Pension Statistics Section, Treasury Department, E. I. duPont 
deNemours Company, Wilmington, Delaware. 

Dr. Joseph Gillis of Sunderland, England, has been appointed senior as- 
sistant at the Weizmann Institute, Rehovot, Israel. 

Assistant Professor Banesh Hoffmann of Queens College has been promoted 
to an associate professorship. 

Associate Professor W. G. Hubert, chairman of the Department of Mathe- 
matics of City College of New York City, has been promoted to a professorship. 

Mr. P. F. Hultquist, formerly assistant at the University of Wisconsin, has 
been appointed to an instructorship at College of Mines and Metallurgy, El 
Paso, Texas. 

Dr. H. D. Huskey, formerly chief of the Machine Development Laboratory, 
National Applied Mathematics Laboratories, National Bureau of Standards, 
Washington, D. C., is now Chief of the Machine Development Unit, Institute 
for Numerical Analysis, National Bureau of Standards, Los Angeles, California. 

Dr. Cornelius Lanczos of Boeing Aircraft Company has accepted an ap- 
pointment as staff mathematician with the National Bureau of Standards, 
Washington, D. C. 

Mr. Z. I. Mosesson has become a Fellow of the Society of Actuaries and has 
been promoted to the position of Senior Actuarial Assistant with the Prudential 
Insurance Company of America. 

Mr. M. W. Oliphant has been appointed to an instructorship at Georgetown 
University. 

Professor H. A. Pérsico of the University of LaPlata has been appointed to 
a professorship at the University of Cuyo, San Luis, Argentina. 

Mr. A. V. C. Pleijel of Lund University has been appointed to a professorship 
at the Royal Institute of Technology, Stockholm, Sweden. 


Associate Professor R. E. Byrne of the California Institute of Technology 
died September 17, 1948 at the age of thirty-seven years. 

Mr. H. I. Treiber who was employed at Watson Laboratories, Red Bank, 
New Jersey, died on February 27, 1949. 

Professor John Williamson of Queens College, New York, died on February 
8, 1949. 
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THE MATHEMATICAL ASSOCIATION OF AMERICA 


Official Reports and Communications 
THE MAY MEETING OF THE KENTUCKY SECTION 


The May meeting of the Kentucky Section of the Mathematical Association 
of America was held at Berea College, Berea, Kentucky, on Saturday, May 8, 
1948. Professor D. W. Pugsley, Chairman of the Section, presided. 

Fifty-eight persons attended the meeting, including the following nineteen 
members of the Association: M. C. Brown, A. E. Cook, H. H. Downing, W. L. 
Fields, Charles Hatfield, Aughtum S. Howard, W. R. Hutcherson, S. J. Jasper, 
W. L. Moore, Smith Park, Sallie E. Pence, Ruth E. Porter, D. W. Pugsley, S. 
L. Riggs, G. G. Roberts, W. J. Robinson, Florence V. Rohde, D. E. South, Guy 
Stevenson. 

The following officers were elected for the coming year: Chairman, W. J. 
Robinson, Centre College; Secretary, Sallie E. Pence, University of Kentucky. 

The following papers were presented: 

1. Remarks concerning some required mathematics at Berea College, by Pro- 
fessor W. R. Hutcherson, Berea College. 

As a part of Berea College’s general education program, basic mathematics (arithmetic, ele- 
mentary algebra, and plane geometry) is required of all students falling in the lower fifth of the 
freshman class. These students meet five days a week for two semesters, receiving no college credit 
for the work. Mathematics and astronomy constitute one-fourth of the material included in the 
physical science course. Every student of the college is required to take this five credit course. 
The eight lessons on mathematics are calculated to enrich the student’s understanding of the place 
of mathematics in the modern world, rather than to emphasize drill work in elementary mathe- 
matics. 


2. Matrix algebra and linear networks, by Professor W. L. Fields, Louisville 
Municipal College. 


This paper was concerned with the derivation of the matrices associated with linear electrical 
networks. Matrices were derived for both series and shunt impedances. The solution of the system 


dE = Iz dil, dI = Eydl 


for a transmission line was obtained by matrix methods. 


3. A theorem on homogeneous functions, by Mr. S. J. Jasper, University of 
Kentucky. 

The speaker established the following theorem on homogeneous functions: If f(x, y) is continu- 
ous in a region R of the xy-plane, if it is homogeneous of order m, and has continuous partial deriva- 
tives in R of at least order n +1, then there exists a function G(y) such that the n+2 partial deriva- 
tives of order +1 can be expressed as products of G and powers of (—<x) and y. 

4. A converse theorem on homogeneous functions, by Professor H. H. Downing, 
University of Kentucky. 

In this paper it was shown that a function f(x, y) which, together with its partial derivatives 
up to at least order »+1, satisfies certain continuity conditions, and (a) if certain equations involv- 
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ing the partial derivatives of f(x, y) multiplied by products of powers of x and y hold; or (b) if 
there exists a G(x, y) such that the partial derivatives of f of order n+1 can be expressed in terms 
of G (as in Mr. Jasper’s paper), then f(x, y) is homogeneous in x and y and of order n. 


5. An extension of a problem in the Monthly, by Professor W. J. Robinson, 
Centre College. 


The question of generalizing Problem 4272 of the November, 1947 issue of this MONTHLY was 
considered. It was shown that a generalization of the formula could be effected if the two param- 
eters involved had certain values, but that such could not be done for certain other values. 


6. Visual aids in the teaching of mathematics, by Professor W. L. Moore and 
Professor Guy Stevenson, University of Louisville. 


Professor Moore reported on the use of models and slides in the mathematics department of 
the University of Louisville. He exhibited a model representing triple integration, and slides show- 
ing the steps in triple integration, as well as a slide projecting the coordinate system on the black- 
board. The idea for the last slide appeared in a recent issue of this MONTHLY. 


7. Existence of a two-dimensional potential flow with finite wake past a strictly 
convex profile, symmetric with respect to the flow at infinity, by Dr. G. L. Tiller, 
University of Kentucky. 


In 1929 Weinstein proved the existence of a jet flow by approximating a smooth curve nozzle 
by a polynomial and letting the number of sides become infinite. In 1947 Pulliam used the same 
general method to prove the existence of a flow with wake extending to infinity. The procedure 
employed by Weinstein and Pulliam is used in this paper. The principal result obtained is the 
theorem: There exists a two dimensional potential flow with finite wake with w’(D) =0, (where the 
point D in the r-plane corresponds to the point at infinity in the z-plane), past any strictly convex 
profile symmetric with respect to the flow at infinity and with continuously changing slope. 


8. Derivation of the formula for the Marchant square root table, by Professor 
G. G. Roberts, Berea College. 


The speaker gave a brief discussion of mechanical calculators, calling attention to the par- 
ticular uses of several different machines. He then discussed the Marchant square root table, and 
illustrated by examples how the table made possible the extraction of square roots correct to five 
significant digits. In the process only a single division (or multiplication) is required. 


9. Some mathematical aspects of music, by Miss Florence V. Rohde, Univer- 
sity of Kentucky. 


According to Joseph Schillinger, who developed the Schillinger system of musical composition, 
music may be projected into space by means of graphs. Mechanical trajectories are the inherent 
patterns of musical motion; thus music is capable of expressing everything which can be trans- 
lated into a form of motion. Music may be composed by taking a system of number values, trans- 
forming them into geometric relations, and then into corresponding components of rhythm, 
melody, and harmony. Variation may be achieved through modification of the inherent geo- 
metrical relations. The natural harmonic series, arithmetic progressions, geometric progressions, 
involution series, logarithmic series, progressive additive series, prime number series, and others, 
all may be transformed into music. In addition to a presentation of some of Schillinger’s ideas, the 
application of the harmonic series and certain elementary principles of physics to the construction 
and playing of the woodwind and brass instruments was shown by the speaker. 


SALLIE E. PENCE, Secretary 
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THE NOVEMBER MEETING OF THE PHILADELPHIA SECTION 


The annual meeting of the Philadelphia Section of the Mathematical Asso- 
ciation of America was held at the University of Pennsylvania, Philadelphia, 
Pennsylvania, on Saturday, November 27, 1948. Professor E. P. Starke of 
Rutgers University presided. 

There were fifty-one present, including the following forty-two members of 


_the Association: H. W. Brinkmann, Geo. Y. Cherlin, Bro. Damian Connelly, 


E. H. Cutler, James Elmer Davis, F. L. Dennis, Arnold Dresden, R. L. Erickson, 
A. B. Farnell, N. J. Fine, C. D. Firestone, W. H. Gottschalk, Theodore Hail- 
perin, J. R. Holzinger, J. R. Kline, P. A. Knedler, C. E. Langenhop, V. V. Lat- 
shaw, Marguerite Lehr, Max LeLeiko, F. L. Manning, Clifford Marburger, D. 
L. McDonough, S. S. McNeary, A. E. Meder, Jr., W. R. Murray, A. B. Neale, 
C. A. Nelson, C. O. Oakley, J. C. Oxtoby, M. A. Rader, G. E. Raynor, I. J. 
Schoenberg, Francis A. C. Sevier, C. A. Shook, L. L. Smail, E. P. Starke, A. W. 
Tucker, R. M. Walter, Jean B. Walton, H. M. Zerbe, H. J. Zimmerberg. 

At the business meeting the following officers were elected for the coming 
year: Chairman, G. E. Raynor, Lehigh University; Secretary, C. O. Oakley, 
Haverford College. The Program Committee for the next meeting will be: Arnold 
Dresden (Chairman), Swarthmore College; N. J. Fine, University of Pennsyl- 
vania; and J. W. Tukey, Princeton University. The next meeting of the section 
will be held at Haverford College, November 26, 1949. 

The program consisted of the following papers: 

1. Recent advances in symbolic logic, by Professor Theodore Hailperin, Lehigh 
University. 

An introductory sketch of the subject is presented based on the three levels of: (1) the proposi- 
tional calculus; (2) the theory of quantification; and (3) the theory of membership. The classical 
and pre-1936 status of each level is outlined, and some later results, of particular interest to 
mathematicians, are described. 

On the propositional calculus level the paper of Rosser and Turquette on axiom-schemes for 
many-valued logics, and McKinsey’s solution of the decision problem for strict implication, are 
referred to. 

In the theory of quantification, mention is made of Quine’s method for testing formulae of one 
variable for provability. On non-classical lines, the functional calculus of Bochvar, based on a. 
three valued logic, and Barcan’s, based on strict implication, are of interest. 

In the theory of membership the works of Bernays, Quine, and Godel are commented upon 

Finally, the development of recursive arithmetic is mentioned, and the impossibility proofs 
of Church, Post, Markov, and Post and Linial, are mentioned. 


2. On a problem in the theory of differential equations, by Professor W. R. 
Wasow, Swarthmore College. 


When a physical phenomenon is described mathematically by a differential equation it is al- 
most always necessary to simplify the problem by omitting terms whose coefficients are very small. 
The justification of such a simplification requires particular attention, if the terms omitted are of 
higher order of differentiation than those retained. For example, the simplified differential equa- 
tion of lower order may possess a periodic solution, while the full equation does not admit a periodic 
solution corresponding to it unless certain conditions are satisfied. 
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Another example occurs in the theory of linear differential equations in the complex domain. 
There it may happen that the simplified equation has multi-valued solutions, whereas the solutions 
of the full equation are all single-valued. It turns out that there exist solutions of the full differential 
equation which are approximately equal to a given multi-valued solution of the simplified equation 
in some domain; but the two solutions will then differ radically in some other complex domain. 
This analysis helps to explain the so-called “inner friction layers” in the theory of hydrodynamic 
stability. 

3. A geometric approach to the theory of games, by Professor A. W. Tucker, 
Princeton University. 

Given a two-person zero-sum game in which player I wins (and player II loses) an amount 
a;; if player 1 chooses his ith mode of play, and player II his jth mode (¢=1, 2,->-, m; 
j=1, to find: (1) a probability distribution + , Pm for player I that maximizes 
the minimum of the inner products 

and (2) a probability distribution q:, gz, +++, Qn for player II that minimizes the maximum of 
the m inner products 

= + + +++ + Gingn. 


A solution exists, and for these p’s and g’s min (p-a);=max (a-q);= “value” of the game. 

An equivalent geometric problem is: Given m points Ai, As, - - +, An in cartesian m-space, to 
find: (1) non-negative direction numbers f;, p2,+ ++, fm With unit sum so that the halfspace 
+++ +hmXm contains As, +++, A, and maximizes u; and (2) barycentric co- 
ordinates q1, g2, * * Qn (non-negative, with unit sum) so that the point +++ +@nAn 
belongs to the corner C, : {x| x; Sv, 4=1,2, +++, m} and minimizes v. A solution exists, with u=v. 

The theory was illustrated with several elementary examples. 


C. O. OAKLEY, Secretary 


THE NOVEMBER MEETING OF THE ALLEGHENY MOUNTAIN SECTION 


The 1948 fall meeting of the Allegheny Mountain Section of the Mathe- 
matical Association of America was held at the University of Pittsburgh, Pitts- 
burgh, Pennsylvania, on Saturday, November 6, 1948. Professor J. B. Rosen- 
bach, Chairman of the Section, presided at the morning session, and Professor 
J. S. Taylor presided at the afternoon session. 

The meeting was attended by approximately 160 persons, including the fol- 
lowing 40 members of the Association: J. O. Blumberg, R. C. Briant, A. M. 
Bryson, Helen Calkins, J. G. Christiano, A. B. Cunningham, H. B. Curry, H. 
L. Dorwart, R. H. Downing, Esther S. Dunkelberger, L. T. Dunlap, E. T. 
Frankel, Orrin Frink, R. E. Settig, W. O. Gordon, W. J. Harrington, Evan 
Johnson, Roberta Johnson, J. C. Knipp, H. R. Leifer, Sister Marie MacNeil, 
Rev. P. M. Mino, L. T. Moston, B. H. Mount, F. D. Murnaghan, J. H. Neelley, 
E. G. Olds, M. O. Peach, J. B. Rosenbach, E. A. Saibel, I. M. Sheffer, R. E. 
Smith, F. H. Steen, J. S. Taylor, Margaret Taylor, C. H. Vehse, M. L. Vest, 
E. D. Wells, E. A. Whitman, V. A. Zora. 

The spring meeting of the Section will be held at the University of West 
Virginia, Morgantown, West Virginia, Saturday, May 7, 1949. 
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The following papers were presented: 

1. A normal form for the equation of the straight line in space, by Professor 
H. L. Dorwart, Washington and Jefferson College. This paper will appear in an 
early issue of Scripta Mathematica. 

2. Tests for convergence, by Professor Orrin Frink, Pennsylvania State Col- 
lege. 


Professor Frink discussed generalizations of the ordinary ratio test for convergence of series of 
positive terms, and in particular the theorem that > a, converges if lim (@n/an_x)"<e~. He also 
discussed various forms of Kummer’s ratio test. It was shown that when Ermakoff's test is stated in 
the form “the series converges if lim (n@,<@{in nj) <1,” it is unnecessary to assume that the terms 
are decreasing. As to method of proof, it was shown that it is usually sufficient to establish that 
there is a case where the test fails. Failure in one case insures success in the other cases. 


3. On the teaching of mathematics at the freshman and sophomore levels, by 
Professor F. D. Murnaghan, Carnegie Institute of Technology. 


Professor Murnaghan advocated the use of vector methods in teaching college algebra, trigo- 
nometry and analytic geometry. The central formula of trigonometry is the one which furnishes 
the cosine of the difference of two angles, and this is an immediate consequence of the fact that the 
magnitude of a vector is independent of the reference frame. The concept of the scalar product of 
two vectors yields without any manipulation the formula for the distance from a point to a line 
(in the plane) or to a plane (in space), and clarifies the concept (so confusing to a beginner) of the 
positive and negative sides of a directed line or oriented plane. He also advocated the use of the 
scalar product in defining determinants, and the use of matrices in the discussion of conics and 
quadric surfaces. In calculus he advocated the use of the upper and lower bound concepts (as ap- 
plied to a bounded collection of numbers). This is a much simpler concept than that of a limit, 
and is much more natural than the latter when defining the definite integral. The speaker’s ideas on 
the use of vectors in the teaching of analytic geometry are fully explained in his book Analytic 
Geometry (Prentice-Hall, 1946) and those on the possibility of presenting calculus rigorously without 
making it dull or forbidding are given in his book Differential and Integral Calculus (Remsen Press, 
1947). 


4. An elementary presentation of some basic theorems on linear differential 
equations, by Professor H. B. Curry, Pennsylvania State College. 


The following three theorems are discussed: (1) if m linearly independent solutions of a linear 
differential equation are given, any solution is a linear combination of them; (2) the solutions 
given by the usual process for an equation with constant coefficients actually are linearly inde- 
pendent; (3) the formulation of the method of undetermined coefficients for the non-homogeneous 
equation with constant coefficients. The first two theorems are proved rigorously by mathematical 
induction without any appeal to existence theorems, and without any use of determinants. Thus it 
is not necessary to have gaps in the logic at these points, even for immature students. The third 
theorem is stated and proved more simply than usual. 


5. An unusual approach to maxima and minima, by Professor F. H. Steen, 
Allegheny College. 


Beginning with the elementary fact that of all rectangles with a given perimeter the square 
has the largest area, the speaker developed methods for solving rapidly a large number of maximum 
and minimum problems involving one or more independent variables, and derived the usual for- 
mula for the slope of a polynomial curve, all without use of the limit concept. 
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6. What is statistical quality control?, by Professor E. G. Olds, Carnegie In- 
stitute of Technology. 


Statistical quality control is the application of statistical methods to the improvement of the 
manufacturing operation. A narrower definition, which has gained support because of certain 
wartime developments, is that statistical quality control is the use of control charts and sampling 
tables for quality assurance. This is too restrictive, but the philosophy and principles which form 
the basis for process control and acceptance sampling are fundamental to statistical quality control 
in the large. 

As an amplification of the author’s conception of statistical quality control, a description of 
the two-semester course now offered in the College of Engineering and Science, Carnegie Institute 
of Technology is presented. 

Then, after sketching the history of statistical quality control, the paper briefly describes the 
nature of process control and acceptance sampling, giving simple examples for each. 


7. A problem in linear recurrence relations, by I. M. Sheffer, Pennsylvania 
State College. 

A solution of the recurrence relation 
(1) Uny2 + + ttn = 0 
is uniquely determined by the initial values uo and #. One may ask if there exist infinitely 
many pairs of positive integers (”;, kj) and infinitely many numbers ),; such that Ur = 
(j=1, 2, +++) for arbitrary choice of uo, u:. (An example is the case considered in this MONTHLY, 
vol, 54, 1947, problem 4272). Certain asymptotic aspects of this problem are considered. 


8. A method of calculating the number of primes less than a certain integer, 
by Mr. R. E. Gettig, University of Pittsburgh. 


Enumeration of the composites divisible only by the primes from P; to Pm [n/Px]<Pm41, 
where & is arbitrary and n the assigned upper bound, leads to an easier and more direct solution 
for many values of than does the use of Meissel’s reduction formula. In particular, if 2 be chosen 
as the product of small powers of the first (e—1) primes, the Euler ¢-functions may be used and 
the auxiliary table of Meissel’s method dispensed with completely. The author calculated x(n) by 
both methods for 2 =30030 =2-3-5-7-11-13 and found the proposed method to yield a decided 
advantage. 


9. Construction of harmonic functions of two variables, by Mr. M. O. Peach, 
Carnegie Institute of Technology. 

It is shown that the problems of (a) determining whether a given function (of two variables) is 
harmonic, (b) finding the conjugate harmonic function, and (c) finding the function of a complex 
variable of which the given harmonic function is the real part, can be solved by a simple algebraic 
procedure, not involving differentiation or integration. A function is harmonic if it can be expressed 
in the form f(z)+g(%) where z=x+iy and =x—iy. The conjugate function is (—7)f(z)+#f(2). 
The function of a complex variable of which it is the real part 2f(z). 


B. H. Mount, Jr., Acting Secretary 


THE DECEMBER MEETING OF THE MARYLAND-DISTRICT OF 
COLUMBIA-VIRGINIA SECTION 
The meeting of the Maryland-District of Columbia-Virginia Section of the 
Mathematical Association of America was held at The Johns Hopkins Uni- 
versity, Baltimore, Maryland, on Saturday, December 4, 1948. Mr. Michael 
Goldberg, Chairman of the Section, presided. 


| 
| 


—S 


ic 


1949] THE MATHEMATICAL ASSOCIATION OF AMERICA 367 


There were seventy-three persons attending the meeting including the fol- 
lowing forty-seven members of the Association: R. P. Bailey, N. H. Ball, W. E. 
Bleick, S. G. Bourne, R. S. Burington, H. H. Campaigne, C. R. Clark, G. R. 
Clements, G. F. Cramer, C. H. Denbow, J. A. Duerksen, Anselm Fisher, J. H. 
Giese, Michael Goldberg, R. A. Good, E. C. Gras, J. R. Hammond, E. K. 
Haviland, M. A. Hyman, S. B. Jackson, Walter Jennings, Sidney Kaplan, L. M. 
Kells, D. C. Lewis, Carol V. McCamman, Florence M. Mears, Emanuel Mehr, 
Joseph Milkman, A. K. Mitchell, T. W. Moore, W. K. Morrill, R. W. Rector, 
Irwin Roman, R. E. Root, W. G. Rouleau, E. D. Schell, Erwin Schmid, Veryl 
G. Schult, W. F. Shenton, A. D. Sollins, C. A. Spicer, C. F. Stephens, O. M. 
Thomas, P. D. Thomas, J. A. ‘Tierney, C. C. Torrance, Beryl W. Williams. 

The spring meeting of the Section will be held at the University of Virginia. 

The following papers were presented at the morning session: 

1. The logarithmic function is unique, by Professor Joseph Milkman, United 
States Naval Academy. 


The operation of the slide rule for multiplication and division depends on the fact that 
log a+log b=log ab. A slide rule with different scales could be made if there were three continuous 
functions f, g and h such that f(x) +g(y) =h(xy). It was proved that: (1) if f, g and & are continuous 
functions satisfying this equation, then f(x) =k In qx, g(y)=kIncy and h(xy) =k In cycoxy; (2) if 
f(x) +f(y) =f(xy) for all positive real numbers x and ¥, and f(x) is bounded in some closed interval 
asx 3b, then f(x) is continuous for all positive x. The method was extended to prove that the only 
continuous functions satisfying the equation +++ for all x>0 are fi(x,) 
zk In 41, 2,°°°, 0. 


2. On the differential equation y’=f(y), by Dr. Sylvan Wallach, The Johns 
Hopkins University, introduced by Professor Morrill. 


Necessary and sufficient conditions for the existence of nontrivial solutions of the differential 
equation y’=f(y) were given. This was followed by a description of the possible solutions and of 
the method of obtaining them. No assumption was made as to the zeros of f(y). 


3. Evaluation of roots of a polynomial by successive square roots, by Professor 
John Tyler, United States Naval Academy, introduced by the Secretary. 


Expansions of various functions by successive square roots were given, and limiting values of 
arithmetical and geometrical means were obtained. Examples were given to illustrate the solution 
of the equation f(x) =0. The equation was written in the form Q,(x) =q(x), with Q,(x) an iterated 
quadratic form, and g(x) a polynomial of degree less than the degree of Q,(x), or a fraction. By 
solving Q,(x) =0 for x, f(x) =0 was written in radical form, and approximations for the roots were 
obtained by the use of a finite difference equation. 


4. Modifications of authalic projections, by Mr. P. D. Thomas, U. S. Coast 
and Geodetic Survey. 


In the usual authalic projection of the sphere or oblate spheroid upon a plane, the projec- 
tion is bounded by curves which pass through the poles of the projection. For the various types that 
have been devised, the distortion for values of the longitude beyond 90° is so great that they are 
considered unsatisfactory for more than a hemisphere. By replacing the poles of the projection by 
lines of given length (a multiple of the map equatorial length) parallel to the equator, this extreme 
distortion is avoided except in the region of the poles and near the bounding meridian of the projec- 
tion. Mr. Thomas derived equations for a modification which replaces the poles of an authalic 
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projection by straight lines parallel to the map equator, which preserves the equal area property, 
and which may be applied to existing authalic projections whose parallels are straight lines, 


5. A unified theory of special functions, by Dr. C. A. Truesdell, Naval Re- 
search Laboratory, introduced by the Secretary. 


The objective of the paper was to provide a theory to discover and coordinate formal relation- 
ships satisfied by special functions. To this end, a class of linear partial differential-difference equa- 
tions with variable coefficients was reduced to a single equation 


id F(z, a) = F(z, a + 1) 
02 


whose very simple properties were then developed. Among the numerous special functions to 
which the results apply are Bessel, Legendre, Laguerre, Hermite, and hypergeometric functions. 
A great many power series expansions, contour integral representations, generating series, definite 
integral formulae, and other connections among these functions may be deduced as special cases of 


about a dozen general formulae. 


FLORENCE M. MeEars, Secretary 


CALENDAR OF FUTURE MEETINGS 


Joint Meeting with American Society for Engineering Education, Troy, 


New York, June 20-21, 1949. 


Thirty-first Summer Meeting, Boulder, Colorado, August 29-30, 1949. 

Thirty-third Annual Meeting, New York City, December 30, 1949. 

The following is a list of the Sections of the Association with dates of future 
meetings in so far as they have been reported to the Secretary. 


ALLEGHENY MountaIn, West Virginia Univer- 
sity, Morgantown, May 7, 1949. 

ILLtno1s, Bradley University, Peoria, May 13- 
14, 1949 

INDIANA, University of Notre Dame, May 7, 
1949 

Iowa 

KANSAS 

Kentucky, Centre College, Danville, May 14, 
1949 

Centenary College, 
Shreveport, Louisiana, Spring, 1950 

MARYLAND-DIstRICT OF COLUMBIA-VIRGINIA, 
University of Virginia, Charlottesville, 
May 14, 1949 

METROPOLITAN NEw York, Spring, 1950 

MICHIGAN 

Minnesota, Gustavus Adolphus College, St. 
Peter, May 7, 1949 

Missour!, Spring, 1950 


NEBRASKA, Lincoln, May, 1949 

NORTHERN CALiForniA, Berkeley, January 28, 
1950 

Onto, April, 1950 

OKLAHOMA, Oklahoma City, October 14, 1949 

Paciric NorTHWEST, University of Washington, 
Seattle, Spring, 1950 

PHILADELPHIA, Haverford College, November 
26, 1949 

Rocky MountTAIN 

SOUTHEASTERN, University of Florida, Gaines- 
ville, March, 1950 

SOUTHERN CALIFORNIA, Immaculate Heart 
College, Hollywood, March 11, 1950 

SOUTHWESTERN 

Texas, Abilene, Spring, 1950 

Upper NEw York State, Syracuse University, 
Spring, 1950 

Wisconsin, Lawrence College, Appleton, May 
14, 1949 
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BY WILLIAM L. HART 
Brief College Algebra, Revised 


Written for the well-prepared student who needs at the most only a 
relatively brief review of intermediate algebra and who deserves the 
opportunity to reach the interesting parts of college algebra quickly. 
Presents a concise but logically complete review, followed by a 
normally leisurely treatment of all usual topics of college algebra. 
292 pages, text. $2.75. NOTE: Brief College Algebra (1932) is also 


available as an alternate edition. 


BY NELSON, FOLLEY, 
AND BORGMAN 
Calculus, Revised 


Designed primarily for the beginning student, as a tool in engineering 
and other scientific fields. An early treatment of the integration as 
well as differentiation of polynomials, with applications, precedes the 
treatment of other functions. Carefully selected and graded problems 
are well placed and introduced by illustrative examples. Large, clear 
figures, including isometric drawings to help the student visualize the 
problems. 386 pages. $3.00. 


D. C. HEATH AND COMPANY 


Boston New York Chicago Atlanta San Francisco Dallas London 
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Ready in June 
A Comprehensive New Text in Analytic Geometry 
With Many Special Features 


ANALYTIC GEOMETRY 


By JOHN J. Cor.iss, University of Illinois, Chicago 
IRWIN K. FEINSTEIN, University of Illinois, Chicago 
and Howaro S. LEvIN, Glenn L. Martin Aircraft Corporation 


This unusually comprehensive new text for the semester course 
covers both plane and solid analytic geometry, and with equal 
fullness. Among its many distinctive features, the following 
will appeal to both teachers and students: 


1. Direction of line segments is indicated by direction 
arrows. 


2. Direction numbers are introduced in the plane analytic 
geometry. 


3. Curve tracing is postponed until the student is familiar 
with a number of curves and their equations. 


4. Curve tracing in rectangular coordinates utilizes 
theorems from algebra and geometry—a helpful fea- 
ture seldom found in analytic geometry texts. 


5. The concept of locus is emphasized throughout. 


6. Many compass and ruler exercises and more than 200 
diagrams facilitate the use of the text. 


7. Hundreds of solved problems serve to develop the stu- 
dent’s problem-solving ability. 


8. Ample problems to be solved are provided, with an- 
swers for about half of them following immediately 
after the statement of the problem—a device which 
facilitates the student's work. 


In general, this text will appeal to teachers as an unusually clear, 
logical, and attractively presented volume, and one which is 
far more teachable than most texts in this field. 


HARPER & BROTHERS ¢ PUBLISHERS | 
49 East 33d Street, New York 16, New York 
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COLLEGE ALGEBRA 


Edward A. Cameron and Edward T. Browne 


University of North Carolina 


Fundamental principles, rather than mechanical manipulation, are emphasized in this new 
text for the college freshman. Many topics, such as quadratic equations, the theory of equa- 
tions, logarithms, and infinite series, are treated more fully than is usual. A feature of this 
text is the treatment of determinants and their application to systems of linear equations. 
There are about three thousand well-graded exercises and a large number of stated prob- 
lems. 416 pages, $3.00, 1949 


COMMERCIAL ALGEBRA AND 
MATHEMATICS OF FINANCE 


Clifford Bell, University of California, Los Angeles 
Lovincy J. Adams, Santa Monica City College 


This new, combined text provides the student with a sound preparatory coverage of alge- 
braic methods and a thorough training in the mathematics of finance. The section on Com- 
mercial Algebra is noteworthy for its extensive treatment of percentage and simple in- 
terest; the chapter on permutations, combinations, and probability; the intensive treatment 
of logarithms; and the table of proportional parts in the table of logarithms of numbers. 
The section on Mathematics of Finance makes possible a minimum of formulas by using 
the interest conversion period as the unit of time for calculating compound interest. It 
presents a thorough discussion of the reinvestment problem, contains three chapters on 
life insurance and life annuities, and employs a method for solving general annuity prob- 
lems merely by changing the interest rate to one that is converted as often as payments 
are made. 

COMMERCIAL ALGEBRA AND MATHEMATICS OF FINANCE—about 625 pages, 
87 pages of tables, probable price $4.50, ready in May 

COMMERCIAL ALGEBRA—about 300 pages, probable price $2.75, ready April 
MATHEMATICS OF FINANCE—about 400 pages, probable price $3.25, ready in May 


ANALYTIC GEOMETRY, Revised Edition 


Charles H. Sisam, Colorado College 


Widely used in its first edition, the revised text has been reorganized and modified in the 
light of classroom experience. The most important change has been to gather together in 
a separate chapter the introduction to polar codrdinates. The exercises have been completely 
revised, increased in number, and arranged to suit the capacities of both the average and the 
exceptional student. The text drills the student in the essentials of plane and solid analytical 
geometry and stresses types of reasoning vital to later work. 320 pages, $2.40, 1949 


‘CONCISE ANALYTIC GEOMETRY, by Charles H. Sisam, is a brief, well-rounded treat- 


ment adapted to the short course in analytics, More than 1100 exercises and problems are 
graded to meet the needs of students of varying ability. 155 pages, $2.00, 1946 


HENRY HOLT AND COMPANY = 257 Fourth Avenue, New York 10 


TEXTBOOK NEWS 


A new text for the first college 
course in Calculus... 


CALCULUS 


By Lloyd L. Smail, Lehigh University 


Among the many distinctive features of this book for standard college and 
university courses in Calculus are the following: 
e Early introduction of integration, involving both indefinite integrals 
and definite integrals. 
e Replacement of Duhamel’s theorem by Bliss’s theorem. 
e Treatment of Taylor’s theorem with a remainder before infinite series. 
© Modern definition of limit of a function, without defining limit of a 
variable. 
@ Derivative is defined first as limit of a ratio. 
Definite integral is defined as limit of a sum. 
e Fundamental theorem of integration is proved analytically. 


To be published in May 


APPLETON-CENTURY-CROFTS, INC. 


35 West 32nd St. New York |, N.Y. 


Two New Mathematics Texts... 


ANALYTIC GEOMETRY 


By Alfred L. Nelson, Karl W. Folley, and William M. Borgman of Wayne University 


PREPARED for use in a freshman course in analytic goemetry, this text is planned 
as preparation for the calculus rather than a study of geometry. In order that it may 
be of maximum value to the future student of the calculus, the basic sciences, and engineer- 
ing, considerable attention is given to two important problems of analytic geometry. They 
are (a) given the equation of a locus, to draw the curve, or describe it geometrically; (b) 
given the geometric description of a locus, to find its equation. There are brief tables of 
trigonometric, exponential and logarithmic functions that will enable the student to obtain 
decimal approximations to answers of problems that may be found throughout the book. 


$3.00 
INTRODUCTION To ANALYTIC 
GEOMETRY AND THE CALCULUS 


By H. M. Dadourian, Trinity College (Connecticut) 


HIS TEXT was prepared for use in a combined course of Analytic Geometry and the 

Calculus such as is offered for liberal arts students not majoring in mathematics. While 
the amount of subject matter has been kept within the compass of such a course, there is 
no sacrifice of quality of material or presentation. This book presents the fundamental 
concepts of the Calculus in such a manner as to give the student as good an idea as is possible 
in an elementary course of the methods and uses of this branch of mathematics. Little if 
any knowledge ef trigonometry is required. $3.25 


THE RONALD PRESS COMPANY *° x22 
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These three outstanding mathematica torts 
by Frank Morwan 


COLLEGE ALGEBRA 
PLANE AND SPHERICAL TRIGONOMETRY 
DIFFERENTIAL AND INTEGRAL CALCULUS 


have these outstanding features 
Questions are interspersed throughout the text to make it read 
somewhat like a class discussion 
Concrete examples illustrate each topic 


Well-graded exercises are provided in abundance 


Mastery tests are spaced at intervals throughout the text to 
give the student thorough periodic reviews 


Answers to all exercises are available in a separate pamphlet 


—__—. American Book Company 


Published February 7, 1949 


NUMERICAL CALCULUS 
By William Edmund Milne 


Contents: I, Simultaneous linear equations. II, Solution of equations 
by successive approximations. III, Interpolation. IV, Numerical 
differentiation and integration. V, Numerical solution of differen- 
tial equations. VI, Finite differences. VII, Divided differences. 
VIII, Reciprocal differences. IX, Polynomial approximation by 
least squares. X, Other approximations by least squares. XI, Sim- 
ple difference equations. Appendices: Notation and symbols; Texts, 
Tables, and Bibliographies; Classified guide to formulas and methods. 
Index. 


400 pages. 6x9 inches. Planographed, cloth bound. $3.75 


PRINCETON UNIVERSITY PRESS 
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INTERMEDIATE ALGEBRA FOR COLLEGES 
By Paul R. Rider 


Professor of Mathematics, Washington University 


This new text is designed for those students who do not have sufficient back- 
ground for the regular college algebra courses. It offers a clear explanation of 
the fundamentals, presented on the college level of maturity. Explanations are 
made through the use of extensive illustrative examples, which the student works 
through to a sound understanding of the mathematical principles behind it. 
Concise summaries of the main principles are provided at the end of each chapter. 
Published February 8, 1949. $2.75 


Forthcoming publications. 


FIRST YEAR 


MATHEMATICS FOR COLLEGES 
By Paul R. Rider 


There has long been a demand for a single text covering all the topics taught in 
first year mathematics courses given in liberal arts colleges and engineering and 
technical schools. This new book, which treats algebra, trigonometry, and analytic 
geometry as individual units, effectively meets that demand. Much of the ma- 
terial has been taken from Dr. Rider’s earlier books with a certain amount of 
rearranging and connective material. To be published in June. $5.50 (probable) 


AN INTRODUCTION TO 
COLLEGE GEOMETRY 


By Taylor and Bartoo 


This new book provides a splendid preparation for prospective teachers of sec- 
ondary mathematics. It is outstanding for its use of historical materials in the 
development of geometry, for its clear presentation of the important propositions 
of elementary geometry from which the discussion of modern geometry stems, 
and for its extremely effective consideration of the concepts and principles of 
modern geometry. To be published in June. $3.25 (probable) 


THE MACMILLAN COMPANY 60 Fifth Avenue New York II 
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a 
McGRAW-HILL 


LIVING MATHEMATICS. New 2nd edition 


By R. S. UNpERWoop and F. W. Sparks, Texas Technological College. 363 
pages, $3.00 


e Here is a revision of a general introduction to mathematics, up to, but not in- 
cluding, calculus. The text is characterized by its sound mathematical content, 
flexibility of organization, and freshness of viewpoint. Part I contains material 
for a one-semester non-terminal course in algebra. Part II provides a terminat- 
ing course, together with much interesting reference material. 


ANALYTIC GEOMETRY 
By Rozsin Rosinson, Dartmouth College. 152 pages, $2.25 


e A brief text for the conventional course in analytic geometry. The author cov- 
ers the more usual materials in plane analytic geometry, built around the study 
of the conic sections as a core; the quadric surfaces play a similar role in the 
treatment of space analytic geometry. 


SOLID GEOMETRY 
By J. SUTHERLAND FraME, Michigan State College. 339 pages, $3.50 


© Departing from the traditional treatment of solid geometry as a succession of 
formal propositions and proofs, this text aims to prepare the student for col- 
lege work in mathematics and engineering. A distinctive feature is a simplified 
method of drawing three-dimensional figures in orthographic perspective with 
a novel trimetric ruler supplied with the book. 


THEORY OF EQUATIONS 
By J. V. Usrensxy. 352 pages, $4.50 


e An unusually thorough, explicit treatment, with full development, emphasizing 
both theory and numerical methods. There is an original and efficient method 
for separating real roots. In the chapter on numerical computation of roots, 
Hoerner’s method is presented in the original form, including the process of 
contraction. Determinants are introduced, not by formal definition as usual, 
but by their characteristic properties. 


Send for copies on approval 


McGRAW-HILL BOOK COMPANY, INC. 


330 WEST 42nn STREET, NEW YORK 18, N.Y. 
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COLLEGE ALGEBRA 


By Moses Richardson, Brooklyn College 


This extremely lucid exposition of college algebra offers a rare insight into sound 
mathematics, and corrects many traditional mistakes. Starting with first principles, 
it not only covers all conventional subjects—some more thoroughly than usual— 
but adds optional material commonly needed by science or mathematics students 
preparing for further specialization. It stresses reasoning as the best way to re- 
member fundamental concepts and combines explanations of procedures with 


reasonable motivation and justification of all processes. 
Published 1947 472 pages 6" « 


CALCULUS AND ITS 
APPLICATIONS 


By Raymond D. Douglass and Samuel D. Zeldin, 
Massachusetts Institute of Technology 


This basic text for a full year's beginning course is superbly adaptable to engineer- 
ing and technical schools and universities where the emphasis is on technique. It 
carries the student through fundamentals of differential and integral calculus, in- 
finite’ series, differential equations with applications, and fundamentals of vector 
analysis. Proofs of formulas and theorems are given with sufficient rigor, avoiding 


lengthy discussions. Examples are worked out in detail to illustrate the various ap- 


plications of the principles and p involved. 


P 


Published 1947 568 pages 5i/2" x 8” 


ELEMENTS OF STATISTICS 


By Elmer B. Mode, Boston University 


| 


This simple and practical text requires only high-school mathematics for under- 
standing. It is designed to help the student majoring in related fields to acquire 
sufficient statistical terminology and technique to read intelligently the statistical 
content of literature in his subject, and to handle the basie procedures of statistical 
analysis. Aa unusual ebundance and variety of original exercises help the student 
master the text. 


Published 1941 378 pages 6" x 9” 


Send for your copies today! 


PRENTICE-HALL, INC., ftwior 


GEORGE BANTA PUBLISHING COMPANY, MENASHA, WISCONSIN 
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